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ABSTRACT 
Plane-wave reflection from a homogeneous, isotropic thermoelastic-diffusion half-

space is investigated within the Moore–Gibson–Thompson heat-conduction 

framework. The model incorporates hyperbolic two-temperature effects, temperature-

dependent material properties, nonlocality, and mechanical, thermal, and diffusive 

impedance boundary conditions. Using potential-function decomposition and time-

harmonic solutions, the governing equations are reduced to a dispersion relation 

describing coupled longitudinal (P), thermal (T), diffusive (P₀), and transverse shear 

(SV) modes. The corresponding reflection amplitude ratios are obtained from the 

boundary system for different incident waves. Numerical results demonstrate that the 

reflected amplitudes and their angular extrema are significantly affected by the thermal 

model, impedance parameters, temperature dependence, and nonlocal parameter. The 

formulation also recovers the temperature-independent, diffusion-free, elastic-

diffusive, and zero-impedance limits. The results provide a basis for advanced material 

characterization and interpretation of geophysical wave responses.

 
 

 

1. Introduction 
Classical thermoelasticity combines the equations of elasticity with Fourier heat conduction. Although this framework is effective 

for slowly varying thermal fields, Fourier’s law implies instantaneous thermal propagation and is therefore inadequate for short-

time, high-frequency, and microscale processes. Generalized thermoelastic theories were developed to restore finite thermal-wave 

speeds and introduce physically meaningful thermal relaxation. Lord and Shulman incorporated a single relaxation time into the 

heat-conduction equation [1], whereas Green and Lindsay introduced two relaxation times through the constitutive relations [2]. 

Green and Naghdi subsequently established thermodynamically consistent alternatives, including formulations that support 

undamped thermal waves and thermoelastic behavior without energy dissipation [3–5]. 

These developments, reviewed comprehensively by Chandrasekharaiah [6], provide the theoretical foundation for contemporary 

hyperbolic models of coupled thermomechanical transport. In many solids, however, thermal transport is accompanied by mass 

diffusion, and the resulting mechanical response cannot be described by thermoelasticity alone. Nowacki initiated the dynamical 

theory of diffusion in elastic media [7], and Sherief et al. later formulated a generalized thermoelastic-diffusion theory that couples 

displacement, temperature, and concentration fields [8]. Kumar and Kansal examined the associated dynamic problem in generalized 

thermoelastic diffusive media [9]. Subsequent studies demonstrated that thermo-diffusive coupling can substantially alter wave 

speeds, attenuation, mode conversion, and interfacial reflection. Representative extensions include wave interaction at fluid–bio-
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thermoelastic diffusive interfaces [10], reflection from thermo-diffusive half-spaces with voids [11], multiphase-lag thermoelastic 

diffusion with temperature-dependent properties [12], and diffusive microstretch thermoelasticity [13]. Collectively, these studies 

establish that diffusion is not a secondary correction but an active transport mechanism that can redistribute energy among 

mechanical, thermal, and concentration modes. 

A second limitation of classical continuum models is their inability to capture size-dependent behavior when the structural length 

scale becomes comparable to the material’s internal characteristic length. Nonlocal elasticity addresses this limitation by allowing 

the stress at a material point to depend on the strain field within a finite neighborhood. The conceptual basis was established by 

Eringen and Edelen [14], followed by Eringen’s nonlocal thermoelastic formulation [15]. Yu et al. extended this idea by 

incorporating both nonlocal heat conduction and nonlocal elasticity [16], while Saeed and Abbas demonstrated that nonlocality can 

markedly modify thermoelastic responses at the nanoscale [17]. These findings are particularly relevant to microstructured solids, 

nanomaterials, thin films, and porous media, in which local constitutive laws may overpredict stiffness or fail to capture dispersive 

wave behavior. Despite this progress, the combined influence of nonlocality, thermoelastic diffusion, and higher-order heat transport 

on reflection under non-ideal boundary conditions remains incompletely understood. 

Realistic thermal loading also requires recognition that elastic, thermal, and transport coefficients may vary with temperature. Ezzat 

et al. examined the temperature dependence of the elastic modulus in generalized thermoelasticity with thermal relaxation [18], and 

Wang et al. showed that temperature-dependent properties modify transient thermoelastic responses under thermal shock [19]. 

Related studies considered laser-pulse heating within a two-temperature framework [20], temperature-dependent nanobeam behavior 

[21], and micropolar thermoelasticity with voids, internal heat generation, and three-phase-lag conduction [22]. More recent analyses 

have extended these ideas to rotating thermoelastic-diffusion systems with multiphase delays [23] and nonlocal poro-thermoelastic 

media affected by gravity and temperature dependence [24]. These contributions demonstrate that constant-property assumptions 

can conceal substantial changes in wave speeds, attenuation, and coupling strength, particularly under rapid or intense thermal 

excitation. 

Among modern finite-speed heat-conduction models, the Moore–Gibson–Thompson (MGT) equation has attracted particular interest 

because it regularizes thermal-wave propagation through a higher-order time derivative and supports a richer dispersive structure 

than first-order relaxation models. Quintanilla established an MGT-based thermoelastic theory [25], and subsequent work addressed 

MGT thermoelastic dielectrics [26] and the decay of radial solutions [27]. The model has also been applied to continuous heat-source 

problems [28] and dipolar thermoelastic bodies [29]. Recent studies have extended MGT thermoelasticity to solids with and without 

energy dissipation [30], micropolar thermoviscoelastic media with nonlocal and hyperbolic two-temperature effects [31], orthotropic 

photothermoelastic materials with temperature-dependent properties [32], and bio-thermoelastic wave reflection [33]. These studies 

confirm that MGT conduction can significantly modify attenuation, stability, and mode-conversion behavior, yet most existing 

analyses treat only a subset of the interacting mechanisms relevant to thermoelastic-diffusion interfaces. 

The physical description becomes still richer when distinct conductive and thermodynamic temperatures, phase-lag effects, viscosity, 

and prestress are incorporated. Tzou’s unified approach linked heat conduction across micro- and macroscales [34], while two-

temperature wave reflection in micropolar media was examined by Sharma and Marin [35]. Elastodynamic interactions in nonlocal 

thermoelastic diffusion with phase lags were later investigated by Sharma et al. [36]. Related studies addressed thermomechanical 

interaction without energy dissipation [37]. The broader mathematical framework of dynamic coupled thermoelasticity was 

established earlier by Dhaliwal and Singh [38]. Together, these results indicate that small changes in constitutive coupling can 

produce large, mode-dependent variations in reflected amplitudes, especially at oblique incidence. 

Despite substantial progress, a unified analysis combining thermoelastic diffusion, MGT heat conduction, nonlocality, temperature-

dependent properties, initial stress, and impedance boundary conditions remains limited. The present study addresses this gap by 

formulating a plane-wave reflection model for a nonlocal thermoelastic-diffusion half-space governed by the MGT equation. The 

coupled longitudinal, thermal, diffusive, and shear modes are obtained from the dispersion relation, and their amplitude ratios are 

determined under mechanical, thermal, and diffusive impedance constraints. The numerical results clarify how nonlocality, 

temperature dependence, prestress, impedance, frequency, and incidence angle influence mode conversion and reflected-wave 

amplitudes, with potential applications in material characterization, interface design, and microstructured solids. 

 

2. Governing Equations 

The Following Abouelregal et al. [33] and Kumar et al. [10], the governing equations of the MGT thermoelastic-diffusion equations 
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are considered without body forces, thermal and diffusion sources as: 

𝑡𝑖𝑗 = 2𝜇𝑒𝑖𝑗 + 𝛿𝑖𝑗(𝜆𝜊𝑒𝑘𝑘 − 𝛾1𝜃 − 𝛾2𝑃),  (2.1) 

(𝜆𝜊 + 𝜇)𝑢𝑗,𝑖𝑗 + 𝜇𝑢𝑖,𝑗𝑗 − 𝛾1𝜃,𝑖 − 𝛾2𝑃,𝑖 = 𝜌  (1 − 𝜉2∇2)
𝜕2𝑢𝑖

𝜕𝑡2
,  (2.2) 

(𝐾
𝜕

𝜕𝑡
+ 𝐾∗)𝜑,𝑖𝑖 = (1 + 𝜏𝜊

𝜕

𝜕𝑡
) (𝑇𝜊𝑙𝜃̈ + 𝛾1𝑇𝜊𝑒̈𝑘𝑘 + 𝑑𝑇𝜊𝑃̈),  (2.3) 

(𝐷
𝜕

𝜕𝑡
+ 𝐷∗) 𝑃,𝑖𝑖 = (1 + 𝜏1

𝜕

𝜕𝑡
) (𝑛𝑃̈ + 𝛾2𝑒̈𝑘𝑘 + 𝑑𝜃̈), (2.4) 

𝜃̈ = 𝜑̈ − 𝛽∗∇2𝜑,  (2.5) 

where  

𝜆𝜊 = 𝜆 −
𝛽2
2

𝑏
,       𝛾1  = 𝛽1 + 𝛽2𝑑,      𝛾2 =

𝛽2

𝑏
,     𝑑 =

𝑎

𝑏
 ,       n = 

1

𝑏
,       l = 

𝜌𝐶𝑒

𝑇𝜊
+

𝑎2

𝑏
. 

The temperature increment is defined by 𝜃 = 𝑇 − 𝑇𝑜, where T is the absolute temperature and 𝑇𝜊 is the uniform reference 

temperature, subject to ‖
𝑇−𝑇𝜊

𝑇𝜊
‖ ≪ 1.  

Here, 𝜌, 𝐶𝑒, P, 𝑡𝑖𝑗 and 𝑢𝑖denote density, specific heat, chemical potential, stress, and displacement, respectively. The parameters 

(𝜏𝜊 , 𝜏1), (K,𝐾∗)(D, 𝐷∗ ) represent thermal/diffusion lags, heat-conduction coefficients, and diffusion coefficients, while a and b 

characterize thermo-diffusive coupling. Moreover, 

𝛽1 = (3𝜆 + 2𝜇)𝛼𝑡 and 𝛽2 = (3𝜆 + 2𝜇)𝛼𝑐 . 

Where 𝛼𝑡, 𝛼𝑐  are the thermal and diffusive expansion coefficients, and  𝜆 , 𝜇  are the Lamé constants. Commas denote spatial 

derivatives and overdots denote time derivatives. Temperature-dependent material properties are introduced through: 

𝜆0 = 𝜆𝑜1𝑓(𝑇),   𝜇 = 𝜇𝑜𝑓(𝑇) ,   𝐾 = 𝐾𝑜𝑓(𝑇),   𝐾
∗ = 𝐾𝑜

∗𝑓(𝑇),   𝐷 = 𝐷𝑜𝑓(𝑇),   𝐷
∗ = 𝐷𝑜

∗𝑓(𝑇),  

 𝛾1 = 𝛾1𝑜𝑓(𝑇) ,   𝛾2 = 𝛾2𝑜𝑓(𝑇) ,   𝑓(𝑇) = (1 − 𝛼
∗𝑇𝑜) 

 

Here 𝜆𝑜1,  𝜇𝑜, 𝐾𝑜, 𝐾𝑜
∗, 𝐷𝑜, 𝐷𝑜

∗, 𝛾1𝑜 and 𝛾2𝑜 are references constants and 𝛼∗ is an empirical temperature-sensitivity parameter. The 

temperature-independent case is recovered by setting 𝑓(𝑇) = 1   

 

3. Solution Procedure 

 
Consider a homogeneous, isotropic thermoelastic-diffusion half-space governed by the Moore–Gibson–Thompson heat-conduction 

model with temperature-dependent material properties. A Cartesian coordinate system (𝑥1, 𝑥2, 𝑥3) is adopted such that the plane 

𝑥3 = 0 defines the boundary and the positive 𝑥3-axis is directed into the medium. The incident and reflected waves are assumed 

to propagate in the 𝑥1−𝑥3 plane, with the wavefront intersecting the boundary along the 𝑥2-direction. 

A plane-strain state is assumed in the 𝑥1−𝑥3 plane; hence, all field variables depend only on (𝑥1, 𝑥3, t). 
𝑢 = (𝑢1(𝑥1, 𝑥3, 𝑡),0, 𝑢3(𝑥1, 𝑥3, 𝑡)), 𝑃(𝑥1, 𝑥3, 𝑡), 𝜃(𝑥1, 𝑥3, 𝑡),  (3.1) 

By commuting Eq. (3.1) into Eqs. (2.1), (2.2), (2.3), (2.4), and (2.5), the following set of relation is derived: 

(𝜆𝜊1 + 𝜇𝑜)
𝜕𝑒

𝜕𝑥1
+ 𝜇𝑜∇

2𝑢1 − 𝛾1𝑜
𝜕𝜃

𝜕𝑥1
− 𝛾2𝑜

𝜕𝑃

𝜕𝑥1
=

𝜌(1−𝜉2∇2)

𝑓(𝑇)

𝜕2𝑢1

𝜕𝑡2
,  (3.2) 

(𝜆𝜊1 + 𝜇𝑜)
𝜕𝑒

𝜕𝑥3
+ 𝜇𝑜∇

2𝑢3 − 𝛾1𝑜
𝜕𝜃

𝜕𝑥3
− 𝛾2𝑜

𝜕𝑃

𝜕𝑥3
=

𝜌(1−𝜉2∇2)

𝑓(𝑇)

𝜕2𝑢3

𝜕𝑡2
,  (3.3) 

𝑓(𝑇) (𝐾𝑜
𝜕

𝜕𝑡
+ 𝐾𝑜

∗) ∇2𝜑 = (1 + 𝜏𝜊
𝜕

𝜕𝑡
) (𝑇𝜊𝑙

𝜕2𝜃

𝜕𝑡2
+ 𝛾1𝑜𝑇𝜊𝑓(𝑇)

𝜕2𝑒

𝜕𝑡2
+ 𝑑𝑇𝜊

𝜕2𝑃

𝜕𝑡2
),  (3.4) 

𝑓(𝑇) (𝐷𝑜
𝜕

𝜕𝑡
+ 𝐷𝑜

∗  ) ∇2𝑃 = (1 + 𝜏1
𝜕

𝜕𝑡
) (𝑛

𝜕2𝑃

𝜕𝑡2
+ 𝛾2𝑜𝑓(𝑇)

𝜕2𝑒

𝜕𝑡2
+ 𝑑

𝜕2𝜃

𝜕𝑡2
),  (3.5) 

𝜃̈ = 𝜑̈̈ − 𝛽∗∇2𝜑,  (3.6) 

𝑡33 = (𝜆𝜊1 + 2𝜇0)𝑓(𝑇)𝑢3,3 + 𝜆𝜊1𝑓(𝑇)𝑢1,1 − 𝛾1𝑜𝑓(𝑇)𝜃 − 𝛾2𝑜𝑓(𝑇)𝑃,  (3.7) 

𝑡31 = 𝜇0𝑓(𝑇) (
𝜕𝑢1

𝜕𝑥3
+

𝜕𝑢3

𝜕𝑥1
).  (3.8) 

Where: 

e =
 𝜕𝑢1

𝜕𝑥1
+

𝜕𝑢3

𝜕𝑥2
, ∇2=

𝜕2𝑢1

𝜕𝑥1
2 +

𝜕2𝑢3

𝜕𝑥3
2 . 

Introducing the following dimensionless variables simplifies the governing equations: 

(𝑥𝑖
′, 𝑢𝑖

′) =
𝜔1
∗

𝐶1
(𝑥𝑖 , 𝑢𝑖), (𝑡

′, 𝜏𝜊
′ , 𝜏1

′ ) = 𝜔1
∗(𝑡, 𝜏0, 𝜏1), 𝜃

′ =
𝛾10

𝜌𝐶1
2 𝜃, 𝑃′ =

1

𝛾20𝑏
𝑃, (𝜃′, 𝜙′) =

𝛾1𝑜

𝜌𝐶1
2 (𝜃, 𝜙), 
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(𝑍1
′ , 𝑍2

′ )=
𝐶1

𝛾10𝑇𝑜
(𝑍1, 𝑍2),  𝑍3

′  =
𝐶1

𝐾𝑜
𝑍3,  𝑍4

′=
𝐶1

𝐷𝑜
𝑍4, 𝑡𝑖𝑗

′ =
𝑡𝑖𝑗

𝛾10𝑇𝑜
. (3.9)  

Where: 

 𝜔1
∗ =

𝜌𝐶𝑒𝐶1
2

𝐾
 ,   𝐶1

2 =
𝜆𝜊1+2𝜇𝑜

𝜌
.                          

By substituting Eq. (3.9) into Eqs. (3.2), (3.3),  (3.4),  (3.5),  (3.6), (3.7), and (3.8), we obtain: 

𝑝11
𝜕𝑒

𝜕𝑥1
+ 𝑝12∇

2𝑢1 −
𝜕𝜃

𝜕𝑥1
− 𝑝13

𝜕𝑃

𝜕𝑥1
=

(1−𝜉2∇2)

𝑓(𝑇)

𝜕2𝑢1

𝜕𝑡2
, (3.10) 

𝑝11
𝜕𝑒

𝜕𝑥3
+ 𝑝12∇

2𝑢3 −
𝜕𝜃

𝜕𝑥3
− 𝑝13

𝜕𝑃

𝜕𝑥3
=

(1−𝜉2∇2)

𝑓(𝑇)

𝜕2𝑢3

𝜕𝑡2
,  (3.11) 

𝑓(𝑇) (
𝜕

𝜕𝑡
+ 𝑝14) ∇

2𝜃 = (1 + 𝜏𝜊
𝜕

𝜕𝑡
) (𝑝15

𝜕2𝜃

𝜕𝑡2
+ 𝑝16𝑓(𝑇)

𝜕2𝑒

𝜕𝑡2
+ 𝑝17

𝜕2𝑃

𝜕𝑡2
),  (3.12) 

𝑓(𝑇) (
𝜕

𝜕𝑡
+ 𝑝18) ∇

2𝑃 = (1 + 𝜏1
𝜕

𝜕𝑡
) (𝑝19

𝜕2𝑃

𝜕𝑡2
+ 𝑝20𝑓(𝑇)

𝜕2𝑒

𝜕𝑡2
+ 𝑝21

𝜕2𝜃

𝜕𝑡2
),  (3.13) 

𝜃̈ = 𝜑̈̈ − 𝛽∗∇2𝜑̈, (3.14) 

𝑡33 = 𝑝23
𝜕𝑢3

𝜕𝑥3
+ 𝑝22

𝜕𝑢1

𝜕𝑥1
− 𝑝24𝜃 − 𝑝25𝑃,  (3.15) 

𝑡31 = 𝑝26(
𝜕𝑢1

𝜕𝑥3
+

𝜕𝑢3

𝜕𝑥1
).  (3.16) 

Where 𝑝𝑖  (i=11-27) are listed in Appendix-I. 

𝑢1 & 𝑢3 can be stated in terms of potential functions as: 

𝑢1 =
𝜕𝜙

𝜕𝑥1
−

𝜕𝜓

𝜕𝑥3
,    𝑢3 =

𝜕𝜙

𝜕𝑥3
+

𝜕𝜓

𝜕𝑥1
.  (3.17) 

Substituting Eq. (3.17) into Eqs. (3.10), (3.11),  (3.12),  (3.13),  (3.14), (3.15), and (3.16), we arrive at: 

 ( ∇2 −
(1−𝜉2∇2)

𝑓(𝑇)

𝜕2

𝜕𝑡2
)𝜙 − 𝜃 − 𝑐13𝑃 = 0,  (3.18) 

( ∇2 −
1(1−𝜉2∇2)

𝑓(𝑇)

1

𝑝12

𝜕2

𝜕𝑡2
)𝜓 = 0,  (3.19) 

𝑓(𝑇) (
𝜕

𝜕𝑡
+ 𝑝14) ∇

2𝜑 = (1 + 𝜏𝜊
𝜕

𝜕𝑡
) (𝑝15

𝜕2𝜃

𝜕𝑡2
+ 𝑝16𝑓(𝑇)

𝜕2∇2𝜙

𝜕𝑡2
+ 𝑝17

𝜕2𝑃

𝜕𝑡2
),  (3.20) 

𝑓(𝑇) (
𝜕

𝜕𝑡
+ 𝑝18) ∇

2𝑃 = (1 + 𝜏1
𝜕

𝜕𝑡
) (𝑝19

𝜕2𝑃

𝜕𝑡2
+ 𝑝20𝑓(𝑇)

𝜕2∇2𝜙

𝜕𝑡2
+ 𝑝21

𝜕2𝜃

𝜕𝑡2
),  (3.21) 

𝑡33 =(𝑝23 − 𝑝22) 
𝜕2

𝜕𝑥1𝜕𝑥3
𝜓 + 𝑝23

𝜕2𝜙

𝜕𝑥3
2 + 𝑝22

𝜕2𝜙

𝜕𝑥1
2 − 𝑝24𝜃 − 𝑝25𝑃,  (3.22) 

𝑡31 = 2𝑝26
𝜕2∅

𝜕𝑥1𝜕𝑥3
+ 𝑝26 (

𝜕2

𝜕𝑥1
2 −

𝜕2

𝜕𝑥3
2)𝜓.   (3.23) 

4. Dispersion Equations and Its Solution 

 
For time-harmonic plane waves propagating in the   𝑥1 − 𝑥3  plane, the wave normal makes an angle 𝜃𝑜  with the positive 𝑥3- axis. 

The field variables satisfying Eqs. (3.18), (3.19),  (3.20),  and (3.21), are assumed in form: 

(𝜙, 𝜓, 𝜑, 𝑃) = (𝜙𝜊, 𝜓𝜊 , 𝜑𝜊, 𝑃𝜊)𝑒𝑖𝑘(𝑥1𝑠𝑖𝑛𝜃𝜊−𝑥3𝑐𝑜𝑠𝜃𝜊+𝜗𝑡),  (4.1) 

where 𝜙𝜊, 𝜓𝜊 , 𝜑𝜊, 𝑃𝜊 are amplitudes, k is wave number and 𝜗 is the phase velocity 

Substitution of Eq. (4.1) into Eqs. (3.18), (3.19),  (3.20),  and (3.21), yields 

(𝐹11𝜗
6 + 𝐹12𝜗

4 + 𝐹13𝜗
2 + 𝐹14)(𝜙

𝜊, 𝜑𝜊, 𝑃𝜊) = 0,  (4.2) 

(𝜗2 − 𝑓(𝑇)𝑝12)𝜓
𝜊 = 0.  (4.3) 

The roots 𝜗𝑖(i=1, 2, 3) of  𝐹11𝜗
6 + 𝐹12𝜗

4 + 𝐹13𝜗
2 + 𝐹14=0 correspond to:  P-, T-, and 𝑃𝑜--waves, respectively, where 𝜗4  =

√𝑓(𝑇)𝑝12   gives the SV-wave velocity. The coefficients 𝐹𝑖  (i=11–14) are given in Appendix II. 

5. Boundary Constraints 
Impedance boundary conditions represent partial interfacial bonding and energy exchange by relating the boundary tractions and 

fluxes to the corresponding field variables. Following Tiersten [39] and Malischewsky [40], the conditions at 𝑥3 = 0    are 

expressed as: 
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𝑡33 +𝜔𝑍1𝑢3 = 0
𝑡31 +𝜔𝑍2𝑢1 = 0

𝐾0
𝜕𝜑

𝜕𝑥3
+ 𝜔𝑍3𝜑 = 0

𝐷0
𝜕𝑃

𝜕𝑥3
+ 𝜔𝑍4𝑃 = 0

        

}
 
 

 
 

. (5.1) 

 

Here, Z1 and Z2 are mechanical impedance with units N sec 𝑚−3., whereas Z₃ and Z₄  are the thermal and diffusive impedences 

with units of N 𝑚−1𝐾−1 and N𝑠4𝑚−4 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦. Setting Z₁=Z₂= Z₃= Z₄ corresponds to a traction-free surface 

 

6. Reflection of Waves 
An incident P-, T-, 𝑃0, or SV-wave striking the boundary at an angle 𝜃𝑜 generates four reflected modes: P, T, P₀, and SV- waves. 

Their reflection angles 𝜃1, 𝜃2, 𝜃3 𝑎𝑛𝑑 𝜃4 respectively, are measured from the positive𝑥3 - axis.  

Hence, the total field is expressed as the superposition of the incident and reflected waves: 

𝜙 = ∑ {𝐹𝜊𝑗𝑒
𝑖𝑘𝑗(𝑥1 sin 𝜃𝜊−𝑥3 cos 𝜃𝜊)+𝑖𝜔𝑡 + 𝐹𝑗𝑒

𝑖𝑘𝑗(𝑥1 sin 𝜃𝑗+𝑥3 cos𝜃𝑗)+𝑖𝜔𝑡},3
𝑗=1   (6.1) 

𝜑 = ∑ 𝑟𝑗{𝐹𝜊𝑗𝑒
𝑖𝑘𝑗(𝑥1 sin𝜃𝜊−𝑥3 cos𝜃𝜊)+𝑖𝜔𝑡 + 𝐹𝑗𝑒

𝑖𝑘𝑗(𝑥1 sin 𝜃𝑗+𝑥3 cos𝜃𝑗)+𝑖𝜔𝑡},3
𝑗=1   (6.2) 

𝑃 = ∑ 𝑠𝑗{𝐹𝜊𝑗𝑒
𝑖𝑘𝑗(𝑥1 sin 𝜃𝜊−𝑥3 cos 𝜃𝜊)+𝑖𝜔𝑡 + 𝐹𝑗𝑒

𝑖𝑘𝑗(𝑥1 sin 𝜃𝑗+𝑥3 cos𝜃𝑗)+𝑖𝜔𝑡},3
𝑗=1   (6.3) 

𝜓 = 𝐹𝑜4𝑒
𝑖𝑘𝑗(𝑥1 sin𝜃𝑜−𝑥3 cos𝜃𝑜)+𝑖𝜔𝑡 + 𝐹4𝑒

𝑖𝑘4(𝑥1 sin 𝜃4+𝑥3 cos𝜃4)+𝑖𝜔𝑡 .  (6.4) 

Here, 𝑟𝑗  and 𝑠𝑗  (j=1, 2, 3) are the coupling coefficients listed in Appendix III. 𝐹𝑜𝑗(j=1,2,3) and 𝐹𝑜4  denote the amplitudes of the 

incident wave P-, T-, 𝑃𝑜 − and SV- waves, respectively, while  𝐹𝑗(j=1, 2, 3) and 𝐹4 represent the corresponding reflected wave- 

amplitudes. The incidence and reflection angles satisfy Snell’s law: 

sin 𝜃𝜊
𝜐𝜊

=
sin 𝜃𝑗

𝜐𝑗
 

Where: 

𝑘𝑗𝜐𝑗 = 𝜔, at 𝑥3 = 0  (j= 1 … 4) 

                                                                   𝜈0 = {

𝜈1 ,                𝑃(𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡),
𝜈2,                𝑇(𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡)

𝜈3,                𝑃𝑜(𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡),
,

𝜈4,             𝑆𝑉(𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡).

  (6.5) 

Here 𝜈0 and 𝜈𝑖  denote the phase velocities of the incident and reflected waves, respectively. Substitution of 

Eqs. (6.1), (6.2), (6.3), and (6.4) and Eq. (3.14) into the boundary conditions Eq. (5.1), together with Eqs. (3.22) and (3.23), gives: 

∑ 𝐶𝑖𝑗𝑅𝑗
4
𝑖,𝑗=1 = 𝑌𝑗.  (6.6) 

The coefficient matrices 𝐶𝑖𝑗, amplitude ratios 𝑅𝑗, and forcing vector 𝑌𝑗 are defined in Appendix IV. 

7. Particular Cases: 

i) Absence of temperature dependent parameters: 

The temperature-independent case is obtained by setting α* = 0  in equation (38), yield the corresponding results for  

thermoelastic diffusion with HTT and MGT model. 

ii) Diffusion-Free: 

The diffusion-free model follows from  𝛽2 = 𝑎 = 𝐷0 = 𝐷0
∗ = 𝑛 = 0, reducing the system to coupled thermoelasticity with 

mechanical and thermal impedance conditions, as summarized in Appendix V.  

iii) Elastic–Diffusive: 

The elastic-diffusive model is recovered by suppressing the thermal field and its coupling parameters, (𝛽1 = 𝑐𝑒 = 𝑐𝑏 = 𝐾0 =

𝐾0
∗ = 0), leaving only mechanical and diffusive boundary contributions; the corresponding system is given in Appendix VI. 

iv) Stress-Free Surface Condition: 

Setting Z₁ = Z₂ = Z₃ = Z₄ = 0 yields the zero-impedance limit, comprising traction-free, thermally insulated, and diffusion-

impermeable boundary conditions, with the resulting algebraic system listed in Appendix VII. 

8. Computational Results and Interpretation:  

Following Dhaliwal and Singh [38], the material parameters used in the numerical computations are taken as: 

𝜆01 = 2.696 × 1010𝐾𝑔𝑚−1𝑠−2,    𝜇0 = 1.639 × 1010𝐾𝑔𝑚−1,   𝜌 = 1.74 × 103𝐾𝑔𝑚−3, 
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𝑇0 = 0.293𝐾,     𝑐𝑒 = 1.04 × 10
3𝐽𝐾𝑔−1, 

𝛼𝑇 = .0178 × 10
−5𝐾−1, 𝛼𝐶 = .0198 × 10

−4𝐾𝑔−1𝑚3, 

𝑎 = 1.02 × 104𝑚2𝐾−1𝑠−2, 𝑏 = 9 × 105𝐾𝑔−1𝑚5𝑠−2,  𝐾0 = 1.7 × 10
2𝑊𝑚−1𝐾−1, 

𝐾𝑜
∗ = 1.4𝑊/𝑚𝑘𝑠, 𝐷𝑜 = 0.85 × 10

−8𝐾𝑔𝑚−3𝑠,   𝐷𝑜
∗ = 0.65𝐾𝑔𝑠𝑚−3, 𝜔 = 1. 

𝜏𝑜 = 0.002𝑠𝑒𝑐, 𝜏1 = 0.004𝑠𝑒𝑐, 

For Figs. 1(a, b, c, d), 2(a, b, c, d), and 3(a, b, c, d),, α* = 0.3 and (Z₁, Z₂, Z₃, Z₄) = (10, 20, 30, 40). The solid, dotted, and dashed 

curves denote the HTT-MGT model with ζ* = 0.2, the 2TT-MGT model with ζ* = 0.6, and the HTT-MGT model with ζ* = 0, 

respectively. For Figs. 4(a, b, c, d), 5(a, b, c, d), and 6(a, b, c, d), the solid and dotted curves represent the MGT and Lord-Shulman 

models with (Z₁, Z₂, Z₃, Z₄) = (10, 20, 30, 40), whereas the dashed curve denotes the MGT model without impedance, Z₁ = Z₂ = Z₃ 

= Z₄ = 0. For Figs. 7(a, b, c, d), 8(a, b, c, d), and 9(a, b, c, d), the solid, dotted, and dashed curves correspond to α* = 0.2, 0.4, and 

0, respectively. For Figs. 10(a, b, c, d), 11(a, b, c, d), and 12(a, b, c, d), the solid, dotted, and dashed curves correspond to ξ = 0.2, 

0.4, and 0, respectively. 

 

I. Effect of Hyperbolic Two Temperature (HTT). 

 

Fig. 1 (a, b, c, d): HTT effects on amplitude ratios for an incident P -wave. 

 

 

Fig. 2 (a, b, c, d): HTT effects on amplitude ratios for an incident T -wave. 
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Fig. 3 (a, b, c, d): HTT effects on amplitude ratios for an incident SV -wave 

Fig. 1(a) illustrates the variation of |R₁| with the incidence angle θ₀. The amplitude ratio |R₁| for the HTT, 2TT, and 1T cases increases 

with θ₀, although the magnitudes remain distinct. Among these cases, the 2TT model gives the largest |R₁|, indicating stronger 

reflection of the P-wave component. Fig. 1(b) shows the variation of |R₂| with θ₀. The amplitude ratio |R₂| for the HTT and 1T cases 

decreases up to about 70° and then increases slightly, whereas |R₂| for the 2TT case displays a similar decline followed by a more 

pronounced recovery near grazing incidence. Fig. 1(c) presents the variation of |R₃| with θ₀. The amplitude ratio |R₃| for the HTT, 

2TT, and 1T cases decreases throughout most of the angular range and approaches its minimum at larger incidence angles. The 

relatively small separation among the three responses indicates weak sensitivity of |R₃| to the thermal model. Figure 2(d) depicts the 

variation of |R₄| with θ₀. The amplitude ratio |R₄| for the HTT and 1T cases increases up to nearly 50° and then decreases, while |R₄| 

for the 2TT case continues to increase up to about 65° before declining. Fig. 2(a) illustrates the variation of |R₁| with θ₀. The amplitude 

ratio |R₁| for the HTT and 1T cases increases up to approximately 40° and then decreases, whereas |R₁| for the 2TT case rises  more 

gradually and reaches a broader maximum. Fig. 2(b) shows the variation of |R₂| with θ₀. The amplitude ratio |R₂| for the HTT and 1T 

cases increases to a peak near 41° and subsequently decreases. In contrast, |R₂| for the 2TT case attains a larger and more sustained 

magnitude over the angular range. Fig. 2(c) presents the variation of |R₃| with θ₀. The amplitude ratio |R₃| for the HTT and 1T cases 

initially decreases, increases between nearly 16° and 45°, and then decreases again. The 2TT value of |R₃| increases almost 

monotonically, demonstrating stronger sensitivity of the diffusive mode to the two-temperature effect. Fig. 2(d) depicts the variation 

of |R₄| with θ₀. The amplitude ratio |R₄| for the HTT and 1T cases increases up to about 42° and then decreases, whereas |R₄| for the 

2TT case increases more steadily with θ₀. Fig. 3(a) illustrates the variation of |R₁| with θ₀. The amplitude ratio |R₁| for the HTT, 2TT, 

and 1T cases initially increases, with the 2TT case producing the highest low-angle peak. It then decreases up to nearly 45°, rises 

again between about 45° and 65°, and finally declines. Fig. 3(b) shows the variation of |R₂| with θ₀. The amplitude ratio |R₂| for the 

HTT and 1T cases increases at small angles, decreases over the intermediate range, and rises again before falling at larger angles. 

The value of |R₂| for the 2TT case decreases up to about 45° and then increases. Fig. 3(c) presents the variation of |R₃| with θ₀. The 

amplitude ratio |R₃| for the HTT, 2TT, and 1T cases follows a common pattern of initial growth, intermediate attenuation, secondary 

amplification between approximately 45° and 65°, and final decay. Fig. 3(d) depicts the variation of |R₄| with θ₀. The amplitude ratio 

|R₄| for the HTT, 2TT, and 1T cases decreases up to nearly 23° and then increases markedly, indicating recovery of the reflected SV-

wave amplitude at higher incidence angles. 
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II. Effect of Impedance parameter: 

 

Fig. 4 (a, b, c, d): Impedance and thermoelastic-model effects on amplitude ratios for an incident P-wave. 

 

Fig. 5 (a, b, c, d): Impedance and thermoelastic-model effects on amplitude ratios for an incident T -wave. 

 

Fig. 6 (a, b, c, d): Impedance and thermoelastic-model effects on amplitude ratios for an incident SV -wave. 
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Fig. 4(a) illustrates the variation of |R₁| with θ₀. The amplitude ratio |R₁| for the MGT and LS cases with impedance increases slightly, 

whereas |R₁| for the WIM case decreases gradually. This contrast shows that impedance sustains the reflected P-wave amplitude. 

Fig. 4(b) shows the variation of |R₂| with θ₀. The amplitude ratio |R₂| for the MGT and LS cases decreases up to about 55° and then  

increases, while |R₂| for the WIM case decreases almost monotonically. Fig. 4(c) presents the variation of |R₃| with θ₀. The amplitude 

ratio |R₃| for the MGT, LS, and WIM cases decreases with increasing θ₀, although the three cases retain noticeably different 

magnitudes. Fig. 4(d) depicts the variation of |R₄| with θ₀. The amplitude ratio |R₄| for the MGT and LS cases increases up to nearly 

65° and then decreases, whereas |R₄| for the WIM case exhibits a more irregular angular response. Fig. 5(a) illustrates the variation 

of |R₁| with θ₀. The amplitude ratio |R₁| for the MGT and LS cases increases gradually, while |R₁| for the WIM case increases only 

up to about 18° and then decreases. Fig. 5(b) shows the variation of |R₂| with θ₀. The amplitude ratio |R₂| for the MGT and LS cases 

increases over most of the angular range, with the LS case attaining the largest values. The WIM value of |R₂| reaches an early peak 

and subsequently declines. Fig. 5(c) presents the variation of |R₃| with θ₀. The amplitude ratio |R₃| for the MGT and LS cases increases 

toward pronounced maxima, whereas |R₃| for the WIM case rises only up to approximately 20° before decreasing. Fig. 5(d) depicts 

the variation of |R₄| with θ₀. The amplitude ratio |R₄| for the MGT and LS cases remains enhanced over a broad angular interval, 

while |R₄| for the WIM case reaches a low-angle maximum and then attenuates. Fig. 6(a) illustrates the variation of |R₁| with θ₀. The 

amplitude ratio |R₁| for the MGT, LS, and WIM cases decreases monotonically, indicating limited sensitivity of the primary reflected 

mode to the boundary model. Fig. 6(b) shows the variation of |R₂| with θ₀. The amplitude ratio |R₂| for the MGT, LS, and WIM cases 

increases slightly at very small angles, decreases between about 3° and 45°, and then rises again at larger angles. Fig. 6(c) presents 

the variation of |R₃| with θ₀. The amplitude ratio |R₃| for the MGT and LS cases decreases smoothly, whereas |R₃| for the WIM case 

initially increases, reaches a peak near 13°, and then decreases. Fig. 6(d) depicts the variation of |R₄| with θ₀. The amplitude ratio |R₄| 

for the MGT and LS cases decreases up to approximately 24° and then increases, while |R₄| for the WIM case exhibits an additional 

local rise and fall before increasing again. 

III. Effect of temperature dependent property (TDP). 

 

Fig. 7 (a, b, c, d): TDP effects on amplitude ratios for an incident P-wave. 
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Fig. 8 (a, b, c, d): TDP effects on amplitude ratios for an incident T -wave. 

 

Fig. 9 (a, b, c, d): TDP effects on amplitude ratios for an incident SV -wave. 

Fig. 7(a) illustrates the variation of |R₁| with θ₀. The amplitude ratio |R₁| for α* = 0, 0.2, and 0.4 increases steadily over the complete 

angular range. The three responses follow nearly parallel trends, with a clear separation in magnitude. Fig. 7(b) shows the variation 

of |R₂| with θ₀. The amplitude ratio |R₂| for α* = 0, 0.2, and 0.4 decreases up to about 55°, where a minimum is observed, and then 

rises slightly toward grazing incidence. The ordering of the three cases remains distinct throughout the range. Fig. 7(c) presents the 

variation of |R₃| with θ₀. The amplitude ratio |R₃| for α* = 0, 0.2, and 0.4 decreases continuously as θ₀ increases. No change in the 

overall trend is observed, although the amplitudes differ among the three parameter values. Fig. 7(d) depicts the variation of |R₄| with 

θ₀. The amplitude ratio |R₄| for α* = 0, 0.2, and 0.4 increases up to nearly 68°, reaches a maximum, and then decreases at higher 

incidence angles. The peak magnitudes differ for the three cases Fig. 8(a) illustrates the variation of |R₁| with θ₀. The amplitude ratio 

|R₁| for α* = 0, 0.2, and 0.4 increases throughout most of the angular range. The three cases show similar profiles, with moderate 

differences in magnitude. Fig. 8(b) shows the variation of |R₂| with θ₀. The amplitude ratio |R₂| for α* = 0, 0.2, and 0.4 increases as 

θ₀ advances. Among the considered cases, α* = 0.4 produces the largest amplitude over most of the range. Fig. 8(c) presents the 

variation of |R₃| with θ₀. The amplitude ratio |R₃| for α* = 0, 0.2, and 0.4 decreases up to about 18° and then increases gradually. The 

minimum occurs at approximately the same angle for all three cases. Fig. 8(d) depicts the variation of |R₄| with θ₀. The amplitude 
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ratio |R₄| for α* = 0, 0.2, and 0.4 increases over the entire angular range. The responses remain separated, with different magnitudes 

for the three values of α*. Fig. 9(a) illustrates the variation of |R₁| with θ₀. The amplitude ratio |R₁| for α* = 0, 0.2, and 0.4 decreases 

up to about 45°, rises between approximately 45° and 65°, and then decreases again. The three responses exhibit the same sequence 

of variation. Fig. 9(b) shows the variation of |R₂| with θ₀. The amplitude ratio |R₂| for α* = 0, 0.2, and 0.4 decreases in the low- and 

intermediate-angle ranges, increases between about 45° and 65°, and declines thereafter. The main turning points occur at nearly the 

same angles. Fig. 9(c) presents the variation of |R₃| with θ₀. The amplitude ratio |R₃| for α* = 0, 0.2, and 0.4 follows a decrease–

increase–decrease pattern. A secondary rise is observed over the 45°–65° interval before the amplitude falls near grazing incidence. 

Fig. 9(d) depicts the variation of |R₄| with θ₀. The amplitude ratio |R₄| for α* = 0, 0.2, and 0.4 decreases up to nearly 23° and then 

increases with θ₀. The minimum occurs in the low-angle region for all three cases. 

IV. Effect of Non-local parameters 

 

Fig. 10 (a, b, c, d): Nonlocal influence on amplitude ratios for an incident P-wave. 

 

Fig. 11 (a, b, c, d): Nonlocal influence on amplitude ratios for an incident T -wave. 
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Fig. 12 (a, b, c, d):  Nonlocal influence on amplitude ratios for an incident SV -wave. 

Fig. 10(a) illustrates the variation of |R₁| with θ₀. The amplitude ratio |R₁| for ξ = 0, 0.2, and 0.4 increases with θ₀, while the three 

cases remain clearly separated in magnitude. The largest difference among the responses is observed at higher incidence angles. Fig. 

10(b) shows the variation of |R₂| with θ₀. The amplitude ratio |R₂| for ξ = 0, 0.2, and 0.4 decreases over most of the angular range and 

reaches a minimum before rising near grazing incidence. The recovery occurs at slightly different levels for the three values of ξ. 

Fig. 10(c) presents the variation of |R₃| with θ₀. The amplitude ratio |R₃| for ξ = 0, 0.2, and 0.4 decreases monotonically throughout 

the considered range. Although the overall pattern is similar, the magnitude of |R₃| changes appreciably with ξ. Fig. 10(d) depicts the 

variation of |R₄| with θ₀. The amplitude ratio |R₄| for ξ = 0 and 0.2 increases and approaches a nearly constant value at high angles, 

whereas |R₄| for ξ = 0.4 continues to rise up to about 72° before decreasing slightly. The peak for ξ = 0.4 is therefore shifted toward 

the grazing-incidence region. Fig. 11(a) illustrates the variation of |R₁| with θ₀. The amplitude ratio |R₁| for ξ = 0.2 increases up to 

about 29° and then decreases, while |R₁| for ξ = 0.4 continues to rise up to nearly 60° before declining. In contrast, |R₁| for ξ = 0 

generally decreases over the angular range. Fig. 11(b) shows the variation of |R₂| with θ₀. The amplitude ratio |R₂| for ξ = 0 decreases, 

whereas |R₂| for ξ = 0.4 increases with θ₀. For ξ = 0.2, |R₂| reaches an intermediate-angle maximum and then falls, giving a trend 

between the other two cases. Fig. 11(c) presents the variation of |R₃| with θ₀. The amplitude ratio |R₃| for ξ = 0.2 and 0.4 decreases 

initially and then recovers as θ₀ increases, whereas |R₃| for ξ = 0 rises more steadily. The turning points for the nonlocal cases occur 

in the low-to-intermediate angular range. Fig. 11(d) depicts the variation of |R₄| with θ₀. The amplitude ratio |R₄| for ξ = 0.2 increases 

up to about 50° and then decreases, while |R₄| for ξ = 0 attains the largest value at high angles. The ξ = 0.4 response varies more 

gradually and remains below the local case near grazing incidence. Fig. 12(a) illustrates the variation of |R₁| with θ₀. The amplitude 

ratio |R₁| for ξ = 0, 0.2, and 0.4 decreases initially, rises between approximately 45° and 64°, and then decreases again. The three 

cases exhibit similar turning points but different amplitude levels. Fig. 12(b) shows the variation of |R₂| with θ₀. The amplitude ratio 

|R₂| for ξ = 0, 0.2, and 0.4 follows a common decrease-recovery-decrease pattern. The separation among the responses becomes more 

noticeable in the intermediate-angle region. Fig. 12(c) presents the variation of |R₃| with θ₀. The amplitude ratio |R₃| for ξ = 0, 0.2, 

and 0.4 decreases at low angles, rises over the intermediate-to-high angular range, and then declines near grazing incidence. The 

secondary maxima occur within nearly the same angular interval for all three cases. Fig. 12(d) depicts the variation of |R₄| with θ₀. 

The amplitude ratio |R₄| for ξ = 0, 0.2, and 0.4 exhibits oscillatory behavior over the full range of θ₀. The values of ξ change both the 

heights of the local peaks and the angles at which they occur. 
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9. Conclusion 

This study examined plane-wave reflection from a homogeneous, isotropic thermoelastic-diffusion half-space governed by the 

Moore–Gibson–Thompson heat-conduction model. The formulation incorporates hyperbolic two-temperature effects, temperature-

dependent material properties, nonlocality, initial stress, and mechanical, thermal, and diffusive impedance conditions. The coupled 

dispersion relation yields reflected P-, thermal, diffusive, and SV-wave modes, whose amplitude ratios were obtained from the 

boundary system. 

The numerical results show that the reflected amplitudes depend strongly on the angle of incidence and the selected constitutive and 

boundary parameters. The HTT, 2TT, and one-temperature models produce distinct amplitude levels and turning points, particularly 

for the converted thermal, diffusive, and SV modes. Impedance conditions substantially modify the angular variation of the reflected 

amplitudes compared with the zero-impedance case. Temperature-dependent properties mainly affect the magnitude of the 

amplitude ratios while generally preserving their overall angular trends. Nonlocality produces more pronounced changes in the 

position and magnitude of local extrema, especially for T- and SV-wave incidence. 

The limiting cases recover the temperature-independent, diffusion-free, elastic-diffusive, and zero-impedance models, confirming 

the consistency of the formulation. The results have potential applications in ultrasonic and seismic characterization of thermally 

sensitive diffusive solids. Future work may extend the model to layered anisotropic media, with applications in detecting thermal 

damage, residual stress, and interfacial defects.  

Appendix-I 

𝑝11 =
𝜆𝜊1+𝜇𝑜

(𝜆𝜊1+2𝜇𝑜)
    ,   𝑝12 =

𝜇𝑜

(𝜆𝜊1+2𝜇𝑜)
     ,     𝑝13 =

𝛾2𝑜
2 𝑏

(𝜆𝜊1+2𝜇𝑜)
    ,     𝑝14 =

𝐾𝑜
∗

𝐾𝑜𝜔1
∗     ,     𝑝15 =

𝑇𝜊𝑙𝐶1
2

𝐾𝑜𝜔1
∗     ,   𝑝16 =

𝛾1𝑜
2 𝑇𝜊

𝐾𝑜𝜔1
∗𝜌
, 𝑝17 =

𝑑𝑇𝜊𝛾1𝑜𝛾2𝑜𝑏

𝐾𝑜𝜔1
∗𝜌

  ,   

𝑝18 =
𝐷∗

𝐷𝜔1
∗     ,    𝑝19 =

𝑛𝐶1
2

𝐷𝜔1
∗   ,    𝑝20 =

𝐶1
2

𝐷𝜔1
∗𝑏
   ,    𝑝21 =

𝑑𝐶1
4𝜌

𝐷𝜔1
∗𝛾1𝑜𝛾2𝑜𝑏

   ,     𝑝22 =
𝜆𝜊1

𝑇𝜊𝛾1𝑜
𝑓(𝑇),  𝑝23 =

𝜆𝜊1+2𝜇𝑜

𝑇𝜊𝛾1𝑜
𝑓(𝑇),      

𝑝24 =
𝜌𝑐1

2

𝑇𝜊𝛾1𝑜
𝑓(𝑇) ,    𝑝25 =

𝛾2𝑜
2 𝑏

𝑇𝜊𝛾1𝑜
𝑓(𝑇),    𝑝26 =

𝜇𝑜

𝑇𝜊𝛾1𝑜
𝑓(𝑇). 

Appendix-II 

𝐷10 = 1 + 𝑖𝜔𝜏𝑜,   𝐷11 = −𝐷10𝑝16𝑓(𝑇),  𝐷12 = 𝐷10𝑝15(1 − 𝜁
∗𝐾2), 𝐷13 = (𝑖𝜔 + 𝑝14) 𝑓(𝑇), 𝐷14 = 𝐷10𝑝17, 

𝐷20 = 1 + 𝜏1𝑖𝜔,   𝐷21 = −𝐷20𝑝21𝑓(𝑇), 𝐷22 = 𝐷20𝑝21(1 − 𝜁
∗𝐾2),  𝐷23  = 𝐷20𝑝19,   𝐷24 = (𝑖𝜔 + 𝑝18) 𝑓(𝑇), 

𝐹11 = 𝐷12𝐷23−𝐷14𝐷22 (
1−𝜉2k2

𝑓(𝑇)
),   

𝐹12 = (𝐷12𝐷24−𝐷13𝐷23)(1 − 𝜉
2k2) − 𝐷12𝐷23𝑓(𝑇)(1 − 𝜁

∗𝐾2)+𝐷14𝐷22𝑓(𝑇) + 𝐷11𝐷23𝑓(𝑇)−𝐷14𝐷21𝑓(𝑇)(1 − 𝜁
∗𝐾2)  −

𝑝13𝐷11𝐷22𝑓(𝑇) + 𝑝13𝐷12𝐷21 𝑓(𝑇),  

𝐹13 = 𝐷13𝐷24(1 − 𝜉
2k2)+𝐷12𝐷24𝑓(𝑇) + 𝐷13𝐷23𝑓(𝑇)−[𝐷11𝐷24(1 − 𝜁

∗𝐾2)+𝑝13𝐷13𝐷21 ]𝑓
2(𝑇),     𝐹14 = −𝐷13𝐷24𝑓

2(𝑇) 

𝜁∗=

{
 

 
β

*

ω2
for hyperbolic two-temperature (HTT)

a2 for two-temperature (2TT)

0 for one temperature (1T)

, 

Appendix-III 
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𝑟𝑗 = −
(𝐷11𝐷23−𝐷14𝐷21)𝜔

2𝜗2−𝐷11𝐷24𝜔
2

(𝐷12𝜗
2−𝐷13)(𝐷23𝜗

2−𝐷24)−𝐷14𝐷22𝜗
4, 𝑠𝑗 =

(𝐷11𝐷22−𝐷12𝐷21)𝜔
2𝜗2+𝐷13𝐷21𝜔

2

(𝐷12𝜗
2−𝐷13)(𝐷23𝜗

2−𝐷24)−𝐷14𝐷22𝜗
4.   

Appendix-IV  

𝐶1𝑗 = −𝑝23𝑘𝑗
2𝑐𝑜𝑠2𝜃𝑗 − 𝑝22𝑘𝑗

2𝑠𝑖𝑛2𝜃𝑗 − 𝑝24𝑟𝑗 − 𝑝25𝑠𝑗 + 𝑖𝜔𝑘𝑗𝑍1𝑐𝑜𝑠𝜃𝑗 ,  𝐶14 = −(𝑝23 − 𝑝22)𝑘4
2𝑠𝑖𝑛𝜃4𝑐𝑜𝑠𝜃4 + 𝑖𝜔𝑘4𝑍1𝑐𝑜𝑠𝜃4  

𝐶2𝑗 = −2𝑝26𝑘𝑗
2𝑠𝑖𝑛𝜃𝑗𝑐𝑜𝑠𝜃𝑗 + 𝑖𝜔𝑘𝑗𝑍2𝑠𝑖𝑛𝜃𝑗 , 𝐶24 = −𝑝26𝑘4

2𝑠𝑖𝑛2𝜃4 + 𝑝26𝑘4
2𝑐𝑜𝑠2𝜃4 − 𝑖𝑍2𝜔𝑘4𝑐𝑜𝑠𝜃4,   

𝐶3𝑗 = 𝑖𝑟𝑗𝑘𝑗 cos 𝜃𝑗 +𝜔𝑍3𝑟𝑗 ,  𝐶34 = 0, 𝐶4𝑗 = 𝑖𝑠𝑗𝑘𝑗 cos 𝜃𝑗 + 𝜔𝑍4𝑠𝑗,  𝐶44 = 0,     (j=1, 2, 

Where 𝑅1, 𝑅2, 𝑅3 and 𝑅4 are the amplitude ratios of reflected P-wave, reflected T-wave, 𝑃𝑜 −wave and SV-wave. 

𝑅1 =
𝐹1

𝐹∗
,  𝑅2 =

𝐹2

𝐹∗
,  𝑅3 =

𝐹3

𝐹∗
  and 𝑅4 =

𝐹4

𝐹∗
 . 

For incident P-Wave: 

𝐹∗ = 𝐹01, = 𝐹02 = 𝐹03 = 𝐹04 = 0, 𝑌1 = 𝑝23𝑘1
2𝑐𝑜𝑠2𝜃𝑂 + 𝑝22𝑘1

2𝑠𝑖𝑛2𝜃𝑂 + 𝑝24𝑟1 + 𝑝25𝑠1 + 𝑖𝜔𝑘1𝑍1𝑐𝑜𝑠𝜃𝑂 ,   

𝑌2 = −2𝑐26𝑘1
2𝑠𝑖𝑛𝜃𝑂𝑐𝑜𝑠𝜃𝑂 − 𝑖𝜔𝑘1𝑍2𝑠𝑖𝑛𝜃𝑂,   𝑌3 = 𝑖𝑟1𝑘1 cos 𝜃𝑂 − 𝜔𝑍3𝑟1,  𝑌4 = 𝑖𝑠1𝑘1 cos 𝜃𝑂 − 𝜔𝑍4𝑠1. 

For incident T- wave: 

𝐹∗ = 𝐹02, 𝐹01 = 𝐹03 = 𝐹04 = 0, 𝑌1 = 𝑝23𝑘2
2𝑐𝑜𝑠2𝜃𝑂 + 𝑝22𝑘2

2𝑠𝑖𝑛2𝜃𝑂 + 𝑝24𝑟2 + 𝑝25𝑠2 + 𝑖𝜔𝑘2𝑍1𝑐𝑜𝑠𝜃𝑂,  

𝑌2 = −2𝑝26𝑘2
2𝑠𝑖𝑛𝜃𝑂𝑐𝑜𝑠𝜃𝑂 − 𝑖𝜔𝑘2𝑍2𝑠𝑖𝑛𝜃𝑂,  𝑌3 = 𝑖𝑟2𝑘2 cos 𝜃𝑂 − 𝜔𝑍3𝑟2  , 𝑌4 = 𝑖𝑠2𝑘2 cos 𝜃𝑂 − 𝜔𝑍4𝑠2 .  

For incident  𝑷𝝄 − Wave: 

𝐹∗ = 𝐹03, 𝐹01 = 𝐹02 = 𝐹04 = 0, 𝑌1 = 𝑝23𝑘3
2𝑐𝑜𝑠2𝜃𝑂 + 𝑝22𝑘3

2𝑠𝑖𝑛2𝜃𝑂 + 𝑝24𝑟3 + 𝑝25𝑠3 + 𝑖𝜔𝑘3𝑍1𝑐𝑜𝑠𝜃𝑂,  

𝑌2 = −2𝑝26𝑘3
2𝑠𝑖𝑛𝜃𝑂𝑐𝑜𝑠𝜃𝑂 − 𝑖𝜔𝑘3𝑍2𝑠𝑖𝑛𝜃𝑂, 𝑌3 = 𝑖𝑟3𝑘3 cos 𝜃𝑂 − 𝜔𝑍3𝑟3 , 𝑌4 = 𝑖𝑠3𝑘3 cos 𝜃𝑂 − 𝜔𝑍4𝑠3. 

For incident SV-Wave: 

𝐹∗ = 𝐹04, 𝐹01 = 𝐹02 = 𝐹03 = 0, 𝑌1 = −(𝑝23 − 𝑝22)𝑘4
2𝑠𝑖𝑛𝜃𝑂𝑐𝑜𝑠𝜃𝑂 − 𝑖𝜔𝑘4𝑍1𝑠𝑖𝑛𝜃𝑂 ,  

𝑌2 = 𝑝26𝑘4
2𝑠𝑖𝑛2𝜃𝑂 − 𝑝26𝑘4

2𝑐𝑜𝑠2𝜃𝑂 + 𝑖𝜔𝑘4𝑍2𝑐𝑜𝑠𝜃𝑂, 𝑌3 = 0, 𝑌4 = 0. 

Appendix-V 

𝐶1𝑗
𝑂 = −𝑘𝑗

2(𝑝23𝑐𝑜𝑠
2𝜃𝑗 + 𝑝22𝑠𝑖𝑛

2𝜃𝑗) − 𝑝24𝑟𝑗 + 𝑖𝜔𝑘𝑗𝑍1𝑐𝑜𝑠𝜃𝑗  ,   𝐶13
𝑂 = −(𝑝23 − 𝑝22)𝑘4

2𝑠𝑖𝑛𝜃4𝑐𝑜𝑠𝜃4 + 𝑖𝜔𝑘4𝑍1𝑐𝑜𝑠𝜃4 , 

𝐶2𝑗
𝑂 = −2𝑝26𝑘𝑗

2𝑠𝑖𝑛𝜃𝑗𝑐𝑜𝑠𝜃𝑗 + 𝑖𝜔𝑘𝑗𝑍2𝑠𝑖𝑛𝜃𝑗 , 𝐶23
𝑂 = −𝑝26𝑘4

2𝑠𝑖𝑛2𝜃4 + 𝑝26𝑘4
2𝑐𝑜𝑠2𝜃4 − 𝑖𝜔𝑘4𝑍2𝑐𝑜𝑠𝜃4 , 𝐶3𝑗

𝑂 = 𝑖𝑟𝑗𝑘𝑗 𝑐𝑜𝑠 𝜃𝑗 + 𝜔𝑍3𝑟𝑗 , 

𝐶33
𝑂 = 0,        j=1, 2. 

For incident P- Wave, T- wave 

𝐹∗ = 𝐹0𝐽, 𝑌1
𝑂 = 𝑝23𝑘𝑗

2𝑐𝑜𝑠2𝜃𝑂 + 𝑝22𝑘𝑗
2𝑠𝑖𝑛2𝜃𝑂 + 𝑝24𝑟𝑗 + 𝑖𝜔𝑘𝑗𝑍1𝑐𝑜𝑠𝜃𝑂, 𝑌2

𝑂 = −2𝑝26𝑘𝑗
2𝑠𝑖𝑛𝜃𝑂𝑐𝑜𝑠𝜃𝑂 − 𝑖𝜔𝑘𝑗𝑍2𝑠𝑖𝑛𝜃𝑂 , 
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𝑌3
𝑂 = 𝑖𝑟1𝑘𝑗 cos 𝜃𝑂 − 𝜔𝑍3𝑟𝑗,      j=1,2 (P,T).           

For incident SV-Wave: 

𝐹∗ = 𝐹04, 𝑌1
𝑂 = −(𝑝23 − 𝑝22)𝑘4

2𝑠𝑖𝑛𝜃𝑂𝑐𝑜𝑠𝜃𝑂 − 𝑖𝜔𝑘4𝑍1𝑠𝑖𝑛𝜃𝑂, 𝑌2
𝑂 = 𝑝26𝑘4

2𝑠𝑖𝑛2𝜃𝑂 − 𝑝26𝑘4
2𝑐𝑜𝑠2𝜃𝑂 + 𝑖𝜔𝑘4𝑍2𝑐𝑜𝑠𝜃𝑂, 𝑌3

𝑂 = 0. 

Appendix-VI 

𝐶1𝑗
𝑂𝑂 = −𝑝23𝑘𝑗

2𝑐𝑜𝑠2𝜃𝑗 − 𝑝22𝑘𝑗
2𝑠𝑖𝑛2𝜃𝑗 − 𝑝25𝑠𝑗 + 𝑖𝜔𝑘𝑗𝑍1𝑐𝑜𝑠𝜃𝑗, 𝐶13

𝑂𝑂 = −(𝑝23 − 𝑝22)𝑘4
2𝑠𝑖𝑛𝜃4𝑐𝑜𝑠𝜃4 + 𝑖𝜔𝑘4𝑍1𝑐𝑜𝑠𝜃4, 

𝐶2𝑗
𝑂𝑂 = −2𝑝26𝑘𝑗

2𝑠𝑖𝑛𝜃𝑗𝑐𝑜𝑠𝜃𝑗 + 𝑖𝜔𝑘𝑗𝑍2𝑠𝑖𝑛𝜃𝑗 , 𝐶23
𝑂𝑂 = −𝑝26𝑘4

2𝑠𝑖𝑛2𝜃4 + 𝑝26𝑘4
2𝑐𝑜𝑠2𝜃4 − 𝑖𝜔𝑘4𝑍2𝑐𝑜𝑠𝜃4 ,  

𝐶3𝑗
𝑂𝑂 = 𝑖𝑠𝑗𝑘𝑗 cos 𝜃𝑗 + 𝜔𝑍4𝑠𝑗  , 𝐷33

𝑂𝑂 = 0,   (j=1, 2). 

For incident P-Wave, 𝑷𝝄 − Wave: 

𝐹∗ = 𝐹01, 𝐹
∗ = 𝐹03,   𝑌1

𝑂𝑂 = 𝑝23𝑘𝑗
2𝑐𝑜𝑠2𝜃𝑂 + 𝑝22𝑘𝑗

2𝑠𝑖𝑛2𝜃𝑂 + 𝑝25𝑠𝑗 + 𝑖𝜔𝑘𝑗𝑍1𝑐𝑜𝑠𝜃𝑂 ,  

𝑌2
𝑂𝑂 = −2𝑝26𝑘𝑗

2𝑠𝑖𝑛𝜃𝑂𝑐𝑜𝑠𝜃𝑂 − 𝑖𝜔𝑘𝑗𝑍2𝑠𝑖𝑛𝜃𝑂 , 𝑌3
𝑂𝑂 = 𝑖𝑠𝑗𝑘𝑗 cos 𝜃𝑂 − 𝜔𝑍4𝑠𝑗       𝑗 = 1,2(P, 𝑃𝜊). 

For incident SV-Wave: 

𝐹∗ = 𝐹04,   𝑌1
𝑂𝑂 = −(𝑝23 − 𝑝22)𝑘4

2𝑠𝑖𝑛𝜃𝑂𝑐𝑜𝑠𝜃𝑂 − 𝑖𝑍1𝜔𝑘4𝑠𝑖𝑛𝜃𝑂, 𝑌2
𝑂𝑂 = 𝑝26𝑘4

2𝑠𝑖𝑛2𝜃𝑂 − 𝑝26𝑘4
2𝑐𝑜𝑠2𝜃𝑂 + 𝑖𝜔𝑘4𝑍2𝑐𝑜𝑠𝜃𝑂 , 𝑌3

00 = 0. 

Appendix-VII 

𝐶1𝑗
𝑂1 = −𝑝23𝑘𝑗

2𝑐𝑜𝑠2𝜃𝑗 − 𝑝22𝑘𝑗
2𝑠𝑖𝑛2𝜃𝑗 − 𝑝24𝑟𝑗 − 𝑝25𝑠𝑗  ,  𝐶14

𝑂1 = −(𝑝23 − 𝑝22)𝑘4
2𝑠𝑖𝑛𝜃4𝑐𝑜𝑠𝜃4  , 𝐶2𝑗

𝑂1 = −2𝑝26𝑘𝑗
2𝑠𝑖𝑛𝜃𝑗𝑐𝑜𝑠𝜃𝑗  , 

𝐶24
𝑂1 = −𝑝26𝑘4

2𝑠𝑖𝑛2𝜃4 + 𝑝26𝑘4
2𝑐𝑜𝑠2𝜃4  , 𝐶3𝑗

𝑂1 = 𝑖𝑟𝑗𝑘𝑗 cos 𝜃𝑗  , 𝐶34
𝑂1 = 0  , 𝐷4𝑗

𝑂1 = 𝑖𝑠𝑗𝑘𝑗cos𝜃𝑗  ,      𝐶44
𝑂1 = 0,       (j=1, 2, 3). 

For incident P-Wave, 𝐏𝛐- Wave, T-Wave: 

𝐹∗ = 𝐹0𝑗  ,   𝑌1
𝑂1 = 𝑝23𝑘𝑗

2𝑐𝑜𝑠2𝜃𝑂 + 𝑝22𝑘𝑗
2𝑠𝑖𝑛2𝜃𝑂 + 𝑝24𝑟𝑗 + 𝑝25𝑠𝑗 , 𝑌2

𝑂1 = −2𝑝26𝑘𝑗
2𝑠𝑖𝑛𝜃𝑂𝑐𝑜𝑠𝜃𝑂  , 𝑌3

𝑂1 = 𝑖𝑟𝑗𝑘𝑗 cos 𝜃𝑂   ,      

𝑌4
𝑂1 = 𝑖𝑠𝑗𝑘𝑗 cos 𝜃𝑂 ,      j=1,2,3(P, Pο,T). 

For incident SV-Wave: 

𝐹∗ = 𝐹04,   𝑌1
𝑂1 = −(𝑐23 − 𝑐22)𝑘4

2𝑠𝑖𝑛𝜃𝑂𝑐𝑜𝑠𝜃𝑂  ,  𝑌2
𝑂1 = 𝑐26𝑘4

2𝑠𝑖𝑛2𝜃𝑂 − 𝑐26𝑘4
2𝑐𝑜𝑠2𝜃𝑂  , 𝑌3

𝑂1 = 0, 𝑌4
𝑂1 = 0. 
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