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ABSTRACT

This paper presents a new approach known as double transformation sine-exponential
distribution (DT-Sin-E), a multi-processed distribution derived from two-stage
transformation of the exponential baseline within a sine-generated context to improve the
flexibility of the lifetime and reliability data analysis. Validation of this model proposed
was confirmed and the main mathematical features such as the cumulative distribution
function, probability density function, survival function, hazard rate function, cumulative
hazard function, moments, quantile function, and random generation method were
formulated. Eight parameter estimation strategies: maximum likelihood, least squares,
weighted least squares, Cramér—von Mises, Anderson—Darling, maximum product of

spacings, percentile estimation, and quasi-least squares were used. The Monte Carlo
statistical analysis revealed that estimation accuracy increases with increasing size of the
sample, but the best method depends on the sample size and the criterion of performance.
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Regarding the application in the real data field failure-time observations, the proposed
model proved to be better than many established competing distributions on information
criterion according to the goodness-of-fit measures and the graphical data analysis. These
results suggest the DT-Sin-E distribution is an adaptable, efficient model on life data with
complex behavior. The revised theoretical development further establishes stochastic
Copyright © 2026 by the authors. Published ordering, scale behavior, mean residual life, order-statistic distributions, reliability
under Creative Commons Attribution (CC BY)  measures, and Rényi and Shannon entropy representations.

license.

1. Introduction

As a result, the research area in survival analysis, reliability, actuarial science, engineering, and biomedical studies that is
interested in the flexibility of the probability models has become one of the main areas of interest for recent years. As neat as it is,
classical lifetime distributions like exponential models and Weibull are often incapable of accounting for the diversity of shapes
present in real data, especially when the hazard structure doesn't conform to that presented by its standard monotone pattern. This
constraint has driven the continued development of generated distribution families, wherein a simple baseline model is enriched
by additional transformation mechanisms to foster flexibility without sacrificing analytical utility. More recently, this body of
work has developed into a variety of very recent works on generalized G-families, odd-type constructions, truncated schemes,
transmuted models, logarithmic generators, and trigonometric transformations.

The above discussions highlight that constructing new families still constitutes a productive strategy to reduce the ever-present
divergence between classical theoretical models and the real life-likeness of data. In this broader approach, several recent works
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have shown that generator-based extensions can dramatically enhance the ability to adapt distributions. Verma et al. [32]
presented a generalized Kavya—Manoharan class and re-emphasized the importance of generator-based modelling for the present
statistical inference. Afify et al. [2] proposed the Marshall-Olkin—Weibull-H family and demonstrated that hybrid generator
structures can produce useful inferential and applied gains. Earlier, Afify et al. [3] presented the transmuted geometric-G family,
thus extending the contributions of rank-transmutation mechanisms to continuous distribution theory.

Similar advancements have occurred in the truncated power Lomax family of Hassan et al. [17], Odd Chen-G family of [8], the
generalized odd Fréchet-exponentiated-G family of [26], truncated Nadarajah—Haghighi-G family of [5], and the generalized odd
Lomax-G family of [23]. The transmuted modified power-generated family of [21] and the logarithmic family proposed by [33]
also further confirmed this direction. Collectively, these data demonstrate that the literature has made a distinct transition to
transformation-based families providing higher-depth tail behavior, diversified density shapes and more realistically represented
hazard-rate families than the two baseline relatives.

One significant part of this literature deals with the trigonometric distribution families, which have received growing attention,
since the use of trigonometric operators can bring much flexibility without changing the general mathematical behavior of the
family. The pioneering work of [30] in regard to the Sin-G class opened up a crucial way in which to incorporate sine
transformations into distribution theory. Mahmood et al. further elaborated on this idea [20], proposed a new sine-G family, and
[11] developed the sine Kumaraswamy-G family. The same stream persisted in the sine Topp—Leone-G family constructed by [4],
Tan-G category of [31], and the Arctan-X family of [6], the transmuted sine-G family of [27], the Sec-G class of [29]. Recent
studies have further confirmed the growing role of flexible generated models in reliability and lifetime analysis, the sine
generalized family of distributions and showed that sine-based mechanisms can improve the modeling of asymmetric and
nonmonotone lifetime patterns as studies [1, 10, 14, 25, 28, 35]. The ongoing relevance of this direction was also supported more
recently by revised transformed models recently demonstrated, such as the transmuted inverse unit Teissier distribution by [9],
pointing out that compact transformed models can actually achieve significant improvements in real-world applications.

1.1 Critical Positioning Relative to Sine-Generated and Transformation-Based Models

Recent sine-generated models differ mainly in the location of the trigonometric operator and in the mechanism used to modify the
baseline cumulative probability. The original Sin-G and related sine-G constructions apply a sine map directly to the baseline
CDF or to a single transformed CDF. The sine Kumaraswamy-G and sine Topp—Leone-G families insert established parametric
CDF transformations before the trigonometric layer, which increases shape flexibility but also introduces additional parameters
and a more demanding optimization problem. The transmuted sine-G family adds a rank-transmutation parameter, whereas the
Tan-G, Arctan-X, and Sec-G families change the trigonometric map itself. In contrast, the DT-Sin-G construction retains the sine
operator and inserts the fixed, parameter-free inner map introduced in Section 2 Its additional flexibility therefore comes from
composition and curvature rather than from an extra inner parameter.

This distinction has direct statistical consequences. The inner map is bounded on the unit interval, endpoint preserving, strictly
increasing, strictly concave, and parameter free. It raises every interior probability above the identity map, but it reaches the upper
endpoint with zero first derivative. Hence, it accelerates the accumulation of small and moderate failure probabilities while
changing the upper-tail approach without increasing the dimension of the parameter vector. The identity map used in a direct sine
generator does not create this curvature, odds-type maps are unbounded near one, and power or Kumaraswamy-type maps
generally require additional shape parameters. These features provide the theoretical reason for the proposed inner transformation.
Nonetheless, there is a striking pattern from its methodology. Most other families that have been produced in the context of
trigonometric representations treat the outer transformation directly to a distribution function with their baseline, a standard odds
form, or a common compounded structure. Put differently, the focus has been placed on only a single transformation layer, even
in tests which significantly expand the range of generative methods which greatly increases flexibility towards the parent model.
In comparison, much less emphasis has been given to a notion of the double transformation approach that has received relatively
less attention, where the baseline model itself is subjected to internal nonlinear inner transformation before fitting into a
trigonometric generator. This problem is not only technical. It is methodologically significant, since a layered transformation may
be able to change the cumulative behavior of the model in a more sophisticated manner, possibly providing with more precision in
terms of skewness, tail decay, and hazard-rate changes, while retaining a more parsimonious parameterization.

The lack of a systematic approach to doing this suggests a real hole in the current literature with regard to generated lifetime
distributions. This gap is the reason the current study is conducted. Central to this issue is that many conventional lifetime models
are still too limiting for complex survival data and much of the available extensions still use straightforward or familiar
transformations. Therefore, the need for a new family which offers structural simplicity, theoretical robustness, and much greater
flexibility in modeling lifetime phenomena is apparent. The problem is addressed in the following paper by introducing a new
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sine-based distribution obtained using a double transformation, with the exponential model as the baseline distribution. The
selection of the exponential baseline is a conscious one: it is crucial in survival assessments, yet its constant hazard structure often
limits its empirical utility, and, thus, makes it an obvious candidate for flexible and generalization.

The novelty of the proposed DT-Sin-E model lies in the use of a genuine two-layer transformation rather than a direct sine
transformation of the baseline distribution. In most sine-generated models, the sine operator is applied directly to G(x), to an
odds-type form, or to a single transformed cumulative function. In contrast, the present model first maps the baseline cumulative
probability G(x) through the internal nonlinear transformation H(u) = u et™%, 0 < u < 1, and then applies the sine generator to
the transformed quantity H(G(x)). This layered mechanism changes the cumulative growth before the trigonometric
transformation is imposed. Therefore, the proposed construction is not only a new submodel but also a structurally different
transformation strategy. It preserves a two-parameter form when the exponential baseline is used, while allowing more flexible
density, survival, and hazard behaviors than the ordinary exponential model and several one-layer generated competitors.

The paper aims at developing the main mathematical and reliability characteristics of the proposed model, its inferential behavior
in the context of a general estimation framework, and its actual fit in real-world survival data. To this end, the paper introduces
eight estimation methods such as maximum likelihood estimation, least squares estimation, weighted least squares estimation,
Cramér—von Mises estimation, Anderson—Darling estimation, maximum product of spacings, percentile estimation, and quasi-
least squares estimation. Their mutual performance is studied by Monte Carlo simulation in a series of tests, followed by the
simulation of their real-life characteristics.

The inferential breadth aims to increase the empirical credibility of the proposed model and, further, to make the evaluation more
thorough than a single estimation-based study. Thus, the contribution of this study can be discussed in terms of four intertwined
stages.

First, it contributes to the generated-distribution literature by providing a novel model with a dual transformation mechanism
versus merely the one-step transformation in the literature. Second, it contributes further to the literature on sine-based families by
including a structurally distinct member in the relatively large class of trigonometric lifetime models. Third, it extends the
inferential study to compare eight estimation techniques on simulated results and is a complete approximation for finite-sample
estimate performance. Fourth, the model's practical application to real-data research serves to illustrate the degree of practical
modeling benefit that occurs as result of theoretical flexibility. From these directions the paper seeks to provide insights into both
the theory of generated distributions (as well as on modeling for survival and reliability) in practice.

From a broader perspective, the proposed work continues the ongoing evolution of generator-based statistical modeling
represented by the generalized Kavya—Manoharan family [32], the Marshall-Olkin—Weibull-H family [2], the transmuted
geometric-G family [3], the truncated power Lomax family [17], the Odd Chen-G family [8], the generalized odd Fréchet-
exponentiated-G family [26], the truncated Nadarajah—Haghighi-G family [5], the generalized odd Lomax-G family [23], the
transmuted modified power-generated family [21], the logarithmic family [33], the transmuted inverse unit Teissier model [9], and
the sequence of sine- and trigonometric-based constructions represented by Sin-GGG, new sine-G, sine Kumaraswamy-G, sine
Topp—Leone-G, Tan-G, Arctan-X, transmuted sine-G, and Sec-G. What distinguishes the present study within this broad
landscape is its emphasis on layered transformation as a principled way to generate additional flexibility while preserving a
concise parametric form. This is precisely the point at which the current paper seeks to make its main theoretical and practical
contribution.

2. Construction of The Double Transformation Sine-G Family and Main Properties

2.1 Construction of the double transformation sine generator
Let X be a continuous random variable with support X. Let G(x) denote the baseline cumulative distribution function and let

gx) = %G(X) be its corresponding probability density function, where & is the vector of baseline parameters. For simplicity,

G(x; &) and g(x; &) will be written as G(x) and g(x) when no confusion occurs.
Define u = G(x), 0 < u < 1, and introduce the inner transformation
H(u) = ue'™, 0<u<l (1)

The sine-based outer transformation with positive shape parameter a > 0 is then applied to H(u). Thus, the general DT-Sin-G
cumulative distribution function is

Foo =sin{Z[HGE@)|"},  0sus1 a>0 @

The transformation H(u) = uel™" is selected because it maps the unit interval into itself, satisfies H(0) = 0 and H(1) = 1, and
remains monotone increasing on 0 < u < 1. Its derivative is
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H@w) =e™™(1 —-u)=0.
This transformation compresses and reshapes the baseline cumulative probability before the sine generator is applied. From a
lifetime-modeling perspective, this is useful because it modifies the rate at which cumulative failure probability accumulates,
while still preserving the boundary behavior required for a valid distribution. Therefore, it adds flexibility without introducing an
additional parameter.

2.1.1 Theoretical Rationale for the Inner Transformation
The choice of the inner transformation is not arbitrary. Its first two derivatives satisfy
H'(u) =e™%(1 —u) >0, H'(u) = —el"%(2—u) <0, 0O<u<l
Thus, H is monotone and strictly concave. It also dominates the identity transformation in the interior of the unit interval because
Hu) —u=u(e!™"-1) >0, 0O<u<l.
The endpoint expansions explain the two-stage effect more precisely:
2 .3
H(u) = eu—eu? +0w®) (ul0), Hl-g)=1 —7—%+ 0(eh) (£L0).
Near zero, the factor e increases the local slope relative to the identity map and allows the model to react more strongly to early
failures. Near one, the first-order tail term cancels, so the transformed probability approaches one through a second-order term.
This combination changes both the central cumulative growth and the upper-tail decay while preserving H(0)=0 and H(1)=1. It
also avoids an additional inner shape parameter, which helps maintain parsimony and reduces confounding between the inner and

outer transformations.

2.1.2 Mathematical Difference from a Direct Sine Generator
Let the direct sine-power model and the proposed double-transformation model be defined from the same baseline CDF G and the
same positive shape parameter a by

Fs(x) = sin {g [6GO1Y},  Fpr(o) =sin {g [H(60)]"}
Since H(u) > u for every interior u and the sine function is increasing on [0,7/2], the following strict comparison holds
whenever 0 < G(x) < 1:

Fpr(®) > Fs(x), XpT st Xs-

Therefore, the proposed family is not a relabeling of an existing one-layer sine family. The inner map produces a mathematically
ordered distribution with systematically different failure accumulation. This result gives a rigorous interpretation of the additional
flexibility created by the double transformation.
This construction produces a new family of distributions by composition with the baseline cumulative function G(x). Hence, the
CDF of the proposed double transformation sine-G (DT-Sin-G) family is given by:

F(x) = sin (g [G(X)el‘G(X)]a), a> 0. 3)

The family generated in this manner will be referred to as the DT-Sin-G.

2.2 Validity of the proposed generator

Theorem 2.1: For every a > 0, the function

T
T(u) = sin (E [uel‘“]“), 0<uc<l,

is a valid distribution generator on [0,1].

Proof: Define

H(u) = uel™Y, 0<u<l
Differentiating with respect to u gives
H'(u) = e (1 —u).
Since e!™ > 0 and 1 — u = 0 for all u € [0,1], it follows that
H@ >0, 0<u<l.
Therefore, H(u) is nondecreasing on [0,1]. Moreover,
H(O)=0, H()=1,

which implies that
0 <H() <1, 0<u<l
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Because a > 0, the transformation [H(u)]® is also nondecreasing on [0,1] and remains in the interval [0,1]. Hence,

s s

0< E[H(u)]“ < E
The sine function is increasing on the interval [0, /2]. Consequently, T(u) is nondecreasing on [0,1]. In addition,

1y
—cin(—.0%) =
T(0) = sm(2 0 ) 0,
and

T(1) = sin (g 1“) = sin (g) =1

Thus, T(u) satisfies the boundary conditions of a cumulative distribution generator and is non-decreasing on [0,1]. Therefore, it is
a valid distribution generator.

2.3 Validity of the induced family

Theorem 2.2: Let G(x) be any CDF. Then
71
F(x) = sin (E [G(x)el_c(")]a), a>0,

is a valid cumulative distribution function.

Proof: Since G(x) is a CDF, we have 0 < G(X) < 1 for all X, and G(X) is nondecreasing. By Theorem 2.1, the function T (u) is a valid

generator on [0, 1]. Therefore, the composition F(x) = T(G(x)) is also non-decreasing. Further,

lim G(x) =0, limG(x) =1,

X—>—00 X—00

which yields
lim F(x) =T(0) =0, LmF(x)=T() =1
X—>—00 X—00

Hence, F(x) satisfies all defining properties of a CDF.

2.4 Probability density function of the general family
Let
W(x) = H(G(x)) = G(x)el ™6™,
Then

dVCI;Ex) =:_x[G(x)el—G(x)]_

Using the product rule gives

W'(x) = g(x)e' @ — G(x)e* @ g(x).
Hence,

W'(x) = g(x)e' @1 - ()]
Therefore, the general PDF becomes
Ta T
flx) = > gx) G(x)“‘1e“(1‘6("))(1 — G(x))cos (E [G(x)el‘G(x)]a). 4)
This expression is nonnegative because g(x) = 0, 0 < G(x) < 1, and the cosine term is nonnegative over the range induced by
the generator.
The survival function of the proposed family is [15]:

S@) = 1-F() =1 - sin (Z[6()er=¢@]), )

The hazard rate function is therefore [18]:
f) 3 900 6(x0)*1e1-60)(1 - G(x))cos (% [G(x)e1—6<x>]“)
S(x) 1 — sin (% [G(x)el—G(x)]a) '

h(x) (6)

The cumulative hazard rate function is given by:
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A(x) = =InS(x) = —In [1 —sin (g [G(x)el‘G(x)]a)]. (7)

3. The Double Transformation Sine-Exponential (DT-Sin-E) Distribution
To obtain a specific lifetime model, choose the exponential distribution as the baseline model. Its CDF and PDF are:

G(x)=1—eF~, x>0, f>0. (8)

And
g(x) = Beh*, x=0. ©)

Substituting these expressions into the general family yields the cumulative distribution function of the proposed DT-Sin-E
distribution:

/s —px1%
F(x) = sin (— [(1 ) s ] ) x>0, a,f>0. (10)
2
The above function defines a valid cumulative distribution function on [0, ).
Atx =0,
[ 012 /[
— o _ _ ,0n,e — o —_.n2)\) =
F(0) = sm(2 [(1 e%e ] ) sm(2 0 ) 0.
As x = oo, we have e PX - 0, and therefore
(1-eP)e™™ 51.e2=1.
Hence,
(0 i
. —ain(Toaa) = an (T =
;mF(x) = sm(2 1 ) sm(z) 1.
Moreover, since the baseline exponential cumulative distribution function is non-decreasing and the generator is non-decreasing

on [0,1], the composition remains nondecreasing. Thus, F(x) is a valid cumulative distribution function.
Substituting Equations (8) and (9) in Equation (4) to get the general density yields:

naﬁ—x -Bx\*~1 jae=B* T —Bx\ ,e~Bx]%
f(x)=TeZB (1-e#) e Bcos(E[(l—eﬁ)e B]),XZO. (1)

Accordingly, the survival function is:

S(x) =1 — sin (g [(1 - e—ﬁx)ee“”‘]“), x>0, (12)

and the hazard rate function becomes:
_ _ 1 qe—B - -Bx]®
h(x) =# e (1= e ) e eos (3|(1 - e)e ) x>0 (13)
1 —sin (E [(1 _ e—ﬁx)ee—ﬁx]“) ) = U.
2

The cumulative hazard rate function is therefore:
. (T _ -px]“
A(x) = —In [1 —sin (E [(1 —e ﬁx)ee ] )] (14)

Figures 1-5 display the graphs of the distributional functions given in Equations (10)—(14), respectively, illustrating the flexibility
and effectiveness of the proposed distribution under different parameter combinations.

Figure 1 shows the behavior of the probability density function of the DT-Sin-E distribution under different values of o and (.
The parameter a mainly controls the shape and peak behavior, while 8 affects the scale and concentration of the lifetime values.
The curves show that the proposed model can represent right-skewed and unimodal density shapes, which are frequently observed
in lifetime and reliability data.

As demonstrated in Figure 2, the cumulative distribution function increases monotonically from zero to one, which is fully
consistent with the fundamental theoretical qualities of a reliable distribution function. The speed at which the curves approach
unity is different depending on the parameter combinations provided, indicating the model's flexibility when dealing with changes
in the underlying distributional structure as well. This variability demonstrates the adaptability of the suggested model to account
for different accumulation patterns of failure probabilities in time. Therefore, the distribution provides a suitable model for
different cumulative behaviors in lifetime data.

With a clear slope for survival, the survival function reduces smoothly in Figure 3, from one to zero as expected in the survival
analysis. The varying rates of decline seen across the plotted curves show that the parameters are directly affecting the survival
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rate. Specifically, the more quickly descending the curves, the higher the probability of early failure, while the slower curves
represent a more enduring survival. These findings confirm that the proposed distribution is flexible enough to model diverse
survival situations.
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Figure 3. Survival Function of the DT-Sin-E Distribution
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Figure 5. Cumulative Hazard Function of the DT-Sin-E Distribution
It is shown in Figure 4 that the hazard rate function can take on different shapes based on input parameters. This is particularly

significant because practical lifetime data are typically of complex hazard structures rather than a constant pattern. These curves
illustrated show that the model is efficient to model the different and increasing hazard behaviors in the domain of interest. This
flexibility increases the practical relevance of the proposed distribution and ensures its utility as a practical tool in actual scenarios
where failure-time data can be handled.

Figure 5 illustrates the cumulative hazard function and shows a consistent increasing pattern over time, which agrees with the
theoretical interpretation of cumulative risk accumulation. The differences among the curves highlight the effect of the model
parameters on the speed at which the total hazard accumulates. This provides an additional and meaningful description of the
failure mechanism underlying the proposed distribution. Accordingly, the figure offers further evidence of the suitability of the
model for analyzing lifetime and reliability data.

The distributional plots in Figures 1-5 describe the intrinsic shapes generated by the DT-Sin-E model, whereas the fitted density
and cumulative comparisons in the application section evaluate it against standard lifetime models under their estimated parameter
values. Using identical numerical parameter values across exponential, Weibull, generalized exponential, Nadarajah—Haghighi,
and DT-Sin-E models would not provide an equivalent comparison because their parameters have different meanings and scales.
A fitted-parameter comparison therefore offers a more interpretable assessment of practical flexibility.

3.1 Moment generating function

Theorem 3.1: The moment generating function of the DT-Sin-E distribution is given by:
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T o 1)'< 2k [a(2k + D]™ t
My (t) 27,(202) 2k)' — B<m+2—E,a(2k+1)>, (15)

for all t < 23, where B(,-) denotes the beta function.

Proof: By definition [24],

[ee)

My (t) = E(etX) = f e™ f(x) dx.
0
Substituting the density function gives

_maf (% _ _pena—=1 . _px s _ -px]*
MX(t)_T,L e em2PX(1 — eF*)" Teue cos(z[(l—e Fx)ee ] )dx.

It should be emphasized that the inner transformed exponential term is W(x) = (1 — e_BX)ee_BX, because 1 — G(x) = e=PX.
Hence, e1-6®) = g¢ ™,

Any occurrence of the transformed term in the proof must therefore be written as (1 - e_BX)e‘e_Bx rather than e #* or (1 -
e‘BX)e_BX.

Now use the transformation y = e %, so that x = — 1lny, dx = — é dy.

When x — 0, we have y = 1, and when x — oo, we have y — 0. Therefore,

My (t) = 712_(1]: yl_% (1—y)* e cos (g [(1- y)eY]“) dy.

Next, expand the cosine term by its Maclaurin series:

B had (_1)kZ2k
COS(Z)— W
With
T
7 =3[0 -»e?,
we obtain
T = (—1)F m\2k
— — yija) = _ _ 2ka ,2kay
cos (31(1 — y)e”1€) kzo g (3) - yreer.
Substituting this expansion into the integral yields
(—1)k w2k (14 E
M - B(1— a(k+1)-1 ,a(2k+1)y )
x(t) = 2 (Zk)'() foy (1-y) e dy

Now expand the exponential term as

pa(2kt1)y _ Z [a(2k + 1)]mym

m!
m=0

e 2k [a(2k + D)™ bt )
e =22y N Zk), A j; Y™ (1 y)a@er-lgy,
k=0m=0

Therefore,

Using the beta integral identity
1

B(a,b) = f o1 (1 — y)P~tdy,

0
with
t
a=m+2—E, b=ak+1),
we obtain
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_na o 2’< [a(2k + 1)] t
MX(t)—TZZ (Zk)' T8<m+2—ﬁ,a(2k+1)>

k=0m=0
The condition t < 2B ensures convergence near y = 0, because the integrand behaves as y'~%# in that neighborhood. This

completes the proof.
Convergence of the MGF follows from the tail behavior of the DT-Sin-E density. As x — oo, lety = e P*, Theny — 0 and

W) = (1 -y)e’ =1-L+0G?).
Consequently, W(x)* =1 — O‘ZLZ +0(y®).
Using cos (EW(x)"‘) = 0(y?), we obtain f(x; @, B) = 0(e™*F¥).

Therefore, e™f(x; o, B) = O(e‘("B‘t)X), which proves that the moment generating function exists for t < 4.
This condition also justifies the numerical evaluation of the series representation within its convergence domain.

3.2 General formula for the raw moments

Theorem 3.2: The rth raw moment of the DT-Sin-E distribution is given by:

(-D* (m\2K [a(2k+1)™ .
e A () B G M G e boatzity (16)
Proof: By definition [22],
b =BG = [ a7 £ dx
0
Using the change of variable y = e %, we have x = — %lny, and therefore
,_ (“lny)”
x" = g
Hence,
b = | )" y(@ - y)*tereos (211 - y)e]<) dy
Too2pm ), 2 '
Using the same cosine and exponential expansions as in Theorem 3.1, we obtain
(= 1)" [a(Zk + D]™
' 1 rymEl] a(2k+1)-1
" zﬁrzz o ( — f( ny)" ™1~ y) dy.

Now use the well-known 1dent1ty
-

1
B — a-1 1— b-1 1 r .
G B @b = [ Y=y dy

Since (—Iny)" = (—1)"(Iny)", it follows that

T

! 2
f (—Iny)" y™*1(1 — y)*@+D-1gy = (—1)" ——B(a, b) :
0 da a=m+2,b=a(2k+1)
Therefore,
, e e e (—DF 2k [a(2k + D] or
=0 -(5) —— (-1 5= B(a,b) .
2B k=0 m=0 2l A2 m: a=m+2,b=a(2k+1)

This completes the proof.
For r = 1, the first raw moment gives the mean of the distribution. Since

2 B(a,b) = B@,HY(@ ~pa-+ b))
where () is the digamma function, the mean can be written as
o (= 1) s\ 2k [a(2k + D™
23 (2k)! (_) m!

k=0 m=0
Forr = 2, we use

EX) =

B(m+2,ak +1D)[p(m+2+ak+ 1)) —p(m+2)].
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2

0
——B(a,b) = B(a,D){[y(a) —y(a+ D)]* + ¢1(a) —Y1(a+ D)},

da?
where U, (+) is the trigamma function. Hence,

2 o o (—DF 2k [a(2k + D)™
E(XZ)ZWZ . (Zk)!( ) ml

k=0

> B(m +2,a(2k + 1)) {[w(m +2) — p(m + 2 + a2k + 1))] ight.

+Pp(m+2) — P (m+2+ak+ 1)}
Therefore, the variance is obtained from
Var(X) = E(X%) — [E(X)]%
The above results show that the moment generating function and the raw moments of the proposed DT-Sin-E distribution can be
expressed in convergent double-series forms involving the beta, digamma, and trigamma functions. These representations are
mathematically convenient and can be implemented numerically for inferential and computational purposes.

3.3 Quantile function

Theorem 3.3: If 0 < u < 1, then the quantile function of the DT-Sin-E distribution is given by:
1

_ 1l 1 1/2 . a |
Q(u)——En + W, —;(Earcmn(u)) , (17)

where W, (+) denotes the principal branch of the Lambert W function.
Proof: Let u = F(x). Then

. (T _ -Bx]%
u = sin (E[(l —ehx)ee” ] )
Applying the inverse sine function to both sides gives
arcsin(v) = %[(1 - e‘ﬁ")ee_ﬁx]a.
Hence,
— o pr)ee P = 2 s
[(1 e F*)e ] 7Tarcsm(v),

and therefore

1/a
_ 2
(1 — e‘Bx)ee = (Earcsin(v)> .

2 1/a
c= <— arcsin(v)) .
T

(1-eP)es™™ =
Sety = ePX, Since x > 0, it follows that 0 < y < 1. The previous equation becomes

Now define

Then we have

1-ye¥=c.
Now let
z=1-y
Theny = 1 — z, and thus
zel™? =¢
Rearranging yields
ze % = ¢
e
Multiplying both sides by —1, we obtain
(—z)e™” = —

By the definition of the Lambert W function,

which implies

Sincey = 1 — z, we get
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c
y=1+Ww(- g)-
Recalling that y = e~PX, we have
c
—Bx — =
e 1+w( e).
Taking the natural logarithm gives
c
—fx =1In [1 +Ww (— ;)]'

and hence

x=—gm[1ew(-9)]

__1 12 1a
Q(V)__E n|l1+W —;(;arcsm(v)) .

For 0 < v < 1, the argument of the Lambert W function lies in the interval (—1/e, 0), and the principal branch W, ensures that
0 < e PX < 1. Therefore, the required quantile function is

1/2 1/a
1+ W, (——(—arcsin(u)) )l, O<u<l.
e\m
This completes the proof.

The median of the DT-Sin-E distribution is obtained by setting u = 0.5. Hence,

1/(2 e
1+ W, (— - (— arcsin(O.S)) >l
e\n
Since arcsin(0.5) = /6, this can be simplified to:

1 1 /1@
Med(X)=—Eln 14w, ——(—) . (18)

Substituting back for ¢, we obtain

Q(w) =
u)=——
Bn

Med(X) = —%ln

e\3

The explicit quantile representation is especially useful for random number generation and Monte Carlo simulation. If U ~
Uniform(0,1), then a random sample from the DT-Sin-E distribution can be generated by:
1

1 1/2 a
X=QW) = —Eln 1+ W, —E<Earcsin(U)) . (19)

3.4 Stochastic Ordering and Scale Representation
For the exponential baseline, define

zg(x) = H (G,;(x)) = (1 - e‘ﬁx)ee_ﬁx, Fop(x) = sin {g [zﬁ(x)]a}.

Because the transformed baseline value lies strictly between zero and one for every positive lifetime, increasing the shape
parameter decreases its corresponding power. Consequently, for two ordered shape parameters,

Fo,p(x) 2 Fog(x) = Xu,p <st Xa,p-
The exponential CDF increases with the rate parameter, and both transformation layers preserve this ordering. Hence, for two
ordered rate parameters,

Fa,ﬁl (x) < Fa,ﬁz (x) = Xa,Bl Zst Xa,ﬁ‘z-
Thus, the shape parameter shifts the lifetime distribution to the right, whereas the rate parameter shifts it to the left. The scale
representation follows by standardizing the lifetime as shown below:

[ —-y1a
Fy(y) = sin {E [(1-e)ee™] } E(X™) = BTE(YT).

3.5 Mean Residual Life and Reliability Measures
The mean residual life at mission time t is the expected remaining lifetime conditional on survival beyond t. For the DT-Sin-E
distribution it can be expressed as

1 1 e -sin {510 - y)e])
m(t)=%ft S(x)dx=ﬁs(t)£ " dy.

The integral is finite because the survival function approaches zero at a sufficiently high order as y approaches zero. The mean
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time to failure is obtained at t=0:

1 (11=sin{Z10 - y)e”1%)
MTTF=E(X)=—f dy.
B Jy y
Reliability at a specified mission time is given by the survival function, while stress—strength reliability for independent strength

and stress variables is

[ee]

RX,Y = P(X > Y) = f FY (X)fX(X) dX.
0
This integral can be evaluated by one-dimensional numerical quadrature for distinct parameter vectors. In the identically

distributed continuous case, symmetry gives a reliability value of one half.

3.6 Order Statistics
Consider an independent random sample of size n from the DT-Sin-E distribution. The density and cumulative distribution
function of its rth order statistic are

! 1 n-r
fran(x) = mf(x)[F(x)]r_ [1-F@)I*™, r=1..,n
Fa0) = ) () POV = FGI™.
=

In particular, the first and last failure times satisfy

Fip() =1—-[SM]",  Fal) = [FEI™
These expressions support reliability studies involving series systems, parallel systems, and sample extremes without requiring a
new derivation for each system size.

3.7 Entropy Measures
Entropy measures quantify the uncertainty and concentration induced by the two transformations. Define the transformed
variables by
U=1-ePX,  7=Ue"Y,
The density of the first transformed variable is
na /s
qo(uw) = 72“‘161‘”(1 —u)cos (EZ“), O<u<l.

For a positive entropy order different from one, the Rényi entropy is

R,(X) = —logp + ﬁ{plog (?) + loglp(a)},

where:
1
i
ING)) =J ZpP@=1) op(1-u) (1 _ 4)2P~1cogP (EZ“) du.
0

The Shannon entropy follows from the limit as p approaches one and can be evaluated directly as
1

HEX) = - f G DIog{B(L — w)qq ()} du,
0

Both entropy expressions reduce to stable one-dimensional integrals on the unit interval. They also display the scale effect
explicitly: the rate parameter contributes the logarithmic scale term, whereas the shape parameter controls the remaining
contribution.

4. Parameter Estimation and Monte Carlo Simulation for the DT-Sin-E Distribution
This section develops eight estimation procedures for the two parameters o and B of the DT-Sin-E distribution: maximum
likelihood, least squares, weighted least squares, Cramér—von Mises, Anderson—Darling, maximum product of spacings,
percentile estimation, and quasi-linear least squares. The broad set was selected to compare likelihood-based, empirical-
distribution-based, tail-sensitive, spacing-based, quantile-based, and transformed-regression principles within the same model.
Let f(x; a, B), F(x; o, B), and Q(u) denote the PDF, CDF, and quantile function of the DT-Sin-E distribution, respectively. The
estimators are then obtained by optimizing the following objective functions. For notational convenience, define

Y p) = (1—eP)e™,  Wi=¥sh), Vo =¥(xw:B)-

4.1 Maximum Likelihood Estimation (MLE)
The log-likelihood function is obtained by substituting the DT-Sin-E density into the general likelihood form [16]:
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£@p)= ) Inf(xiB).
i=1

Hence,

n n n n
a
£(a,B) = nlog (#) - 2B Z %+ (@—-1) Z log¥; + Z e Fxi 4 Z log cos (g ‘PL-"‘). (20)
i=1 i=1 i=1 i=1

4.2 Least Squares Estimation (LSE)

Substituting the DT-Sin-E cumulative distribution function into the least squares criterion gives [16]:
n i 2
- in (e )1
S(a, B) —Z[sm (2 'P(l-)) el I 21
i=

4.3 Weighted Least Squares Estimation (WLSE)
The weighted least square objective is [16]:

n
(n+1D*n+2)[ m i 12
Wia ) = 2 i(n—i+1) [Sm (E W(i)) Tn+1 (22)
4.4 Cram'er—von Mises Estimation (CVM)
The Cram'er—von Mises criterion becomes [12]:
cap=aS s Gwe) 21y 23
@h) =13 Z[S‘“z 6)- ] 23)
i=

4.5 Anderson—Darling Estimation (AD)

By inserting the DT-Sin-E cumulative distribution function into the Anderson—Darling objective, we obtain [7]:
n
1 . T T
Ala,B) = —n— 52(21 -1 [lnsm (E ‘P("f)) +1n (1 —sin (E ‘I’(O;Hl_i)))]. (24)
i=1

4.6 Maximum Product of Spacings (MPS)

The maximum product of spacings criterion is [13]:
n+1

M@p) == ) In[sin(5¥5) - sin(5¥E_y)| (25)
i=1

with F(x(gy) = 0 and F(x(n41)) = 1.

4.7 Percentile Estimation (PM)

Using the DT-Sin-E quantile function, the percentile objective becomes [34]:
2

n 1 1/2 . 1/a
P(d,ﬁ) =Z X(i) +Eln 1+W0 (—g<;arcsin(ni 1)) ) . (26)

i=1

4.8 Quasi-linear Least Squares (QLS)

Starting from the DT-Sin-E cumulative distribution function,
T
— <in (= LR
F(x) = sin (2 Y(x;p) )
We obtain
1/a
2 -px
Earcsm(F(x)) =¥(x;pB) = (1 - e‘ﬁ")ee .

Hence, by applying the Lambert W transformation,
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In

i

Now, by setting F (X(i)) =— define:

1/a
1/2 .
1+ W, (—E<Earcsm(F(x))> )] = —fx.

1/2 i\
1+Wy| —— —arcsin( )
e\m n+1

Then the QLS regression form becomes

27

y; =1In ) Zp = —X(j)-

=Bz + &,
for each candidate value of a, and the estimate is selec%/eld byﬁminimilzing the sum of squared residuals.
By differentiating the objective functions with respect to the model parameters and solving the resulting nonlinear equations
numerically, the estimates of a and {3 are obtained for each estimation method for the DT-Sin-E distribution.
The eight methods represent complementary inferential goals rather than redundant alternatives. MLE targets likelihood
efficiency under correct specification. LSE and WLSE match the empirical and theoretical CDFs, with WLSE emphasizing
observations whose plotting-position variance is smaller. CVM measures global CDF discrepancy, while AD assigns greater
weight to the tails. MPS offers a stable alternative when log-likelihood surfaces are flat or highly curved. PM exploits the explicit
quantile function, and QLS uses the Lambert-based transformed relation to produce a regression-oriented estimator. Their
comparison therefore reveals how the DT-Sin-E parameters behave under distinct statistical criteria.

4.9 Numerical Implementation, Convergence, and Computational Cost
All positive parameters are optimized on the logarithmic scale to remove boundary violations:
n = loga, ¢ =logp, (a,p) = (e",e%).
The objective functions can be implemented in R with BFGS as the primary optimizer and Nelder—Mead as a derivative-free
fallback. A multi-start strategy is used to reduce sensitivity to local curvature. Four starting shape values are combined with three
starting rate values centered on the reciprocal sample mean, and the converged solution with the best objective value is retained.
Iteration stops when both the relative objective change and the largest log-parameter change satisfy

|Qk,+1 - Qk|
" <1071, max{| — e | -4} <1078,
1+ 0l M1 = Ml 1Ske1 — Gk}

or when 5000 iterations are reached. A result is accepted only when the objective is finite and the convergence criterion is
satisfied. To avoid numerical overflow, fitted probabilities are clipped one trillionth away from zero and one, and MPS spacings
are bounded below by one trillionth before logarithms are evaluated. QLS uses the same positive-parameter transformation and
profiles the transformed regression criterion over the candidate shape parameter.

Sorting the observations requires O(n log n) operations once. Each subsequent evaluation of MLE, LSE, WLSE, CVM, AD, MPS,
PM, or QLS requires O(n) operations because the CDF, PDF, quantiles, or spacings are evaluated once per observation. If k
optimizer iterations are required, the dominant cost is O (kn), with only a two-dimensional parameter vector. MLE and MPS may
require more careful initialization, AD can be more sensitive to extreme fitted probabilities, and QLS is typically the least
expensive after profiling. These details make the estimation study reproducible and clarify the computational trade-offs among the
eight procedures.

5. Monte Carlo Simulation for the DT-Sin-E Distribution
A Monte Carlo simulation study was carried out to assess the efficiency of the eight estimation methods for the DT-Sin-E
distribution. The simulation was performed for the true values ¢ = 1.9 and f§ = 1.7 with four sample sizes, namely n =
25,50,125, and 250, under 1000 replications. For each generated sample, the parameters were estimated by MLE, LSE, WLSE,
CVM, AD, MPS, PM, and QLS. The comparison was based on the mean estimate, the root mean square error (RMSE), the
absolute bias, and the ranking behavior across methods.

Table 1. Algorithm Monte Carlo simulation procedure for the DT-Sin-E distribution
Step Description
Set the true parameter vector (a, ) = (1.9,1.7), choose the sample size n €

Input {25,50, 125,250}, and set the number of replications R = 1000.
1 Generate a random sample x4, X5, ..., X, from the DT-Sin-E distribution by using its
sampling mechanism.
) Estimate a and 8 by each of the eight methods: MLE, LSE, WLSE, CVM, AD, MPS, PM,

and QLS.

Modern Journal of Statistics Volume 2, Issue 2, 214-236



229

3 Store the estimated values & and f for every method and every replication.

4 Repeat Steps 1-3 until the number of replications reaches R = 1000.

5 For each method, compute the mean estimate, RMSE, and absolute bias for both parameters.

6 Rank the methods within each criterion; assign rank 1 to the smallest value and continue in
ascending order.

Output Report the Monte Carlo summary tables and the overall rank tables for all sample sizes.

The simulation output shows that the estimation accuracy improves as the sample size increases. In small samples, more than one
method remains competitive, especially WLSE and MPS at n = 25. Once the sample size reaches 50 and above, the Anderson—
Darling estimator becomes the strongest overall competitor according to the total rank summaries.

Table 2. Monte Carlo summary for the DT-Sin-E distribution at n = 25 with 1000 replications

Statistic MLE LSE WLSE CVM AD MPS PM QLS
Arnitial 1.9 1.9 1.9 1.9 1.9 1.9 1.9 1.9
Appean  2-199647 1.992095 2.027588 2.251722 2.053753 1.768944 2.232317 2.097145
apyse  0.829505 0.875276 0.837886 1.113668 0.752293 0.592005 1.370953 0.920114
XBias 0.299647 0.092095 0.127588 0.351722 0.153753 0.131056 0.332317 0.197145
Brnitial 1.7 1.7 1.7 1.7 1.7 1.7 1.7 1.7
Buean  1.880721 1.699733 1.736224 1.885079 1.768726 1.547121 1.824045 1.767262
Brusg  0.546113 0.569481 0.542878 0.653408 0.51633 0.470481 0.747498 0.59775
Bgias 0.180721 0.000267 0.036224 0.185079 0.068726 0.152879 0.124045 0.067262
Table 3. Rank table for the DT-Sin-E distribution at n = 25
Par. Metric MLE LSE WLSE CVM AD MPS PM QLS
« RMSE 0.829505 0.875276 0.837886 1.113668 0.752293 0.592005 1.370953 0.920114
3} 5} 4} {7} 2} {1} (8} 6}
a Bias 0.299647 0.092095 0.127588 0.351722 0.153753 0.131056 0.332317 0.197145
{6} {1} {2} {8} {4} {3} {7} {5}
B RMSE 0.546113 0.569481 0.542878 0.653408 0.516330 0.470481 0.747498 0.597750
{4} {5} {3} {7} {2} {1} {8} {6}
B Bias 0.180721 0.000267 0.036224 0.185079 0.068726 0.152879 0.124045 0.067262
{7} {1} {2} {8} {4} {6} {5} {3}
Table 4. Monte Carlo summary for the DT-Sin-E distribution at n = 50 with 1000 replications
Statistic MLE LSE WLSE CVM AD MPS PM QLS
Apnitial 1.9 1.9 1.9 1.9 1.9 1.9 1.9 1.9
Ayean  2-00859  1.924121 1.940943 2.038591 1.949474 1.769184 2.053184 1.979241
apysg  0.433891 0.501418 0.462045 0.563899 0.432708 0.379808 0.722888 0.573639
XBias 0.10859 0.024121 0.040943 0.138591 0.049474 0.130816 0.153184 0.079241
Brnitial 1.7 1.7 1.7 1.7 1.7 1.7 1.7 1.7
Buyean 1.772559 1.693573 1.712273 1.783686 1.722535 1.576394 1.777246 1.730142
Bruse  0.334531 0.380062 0.350738 0.407647 0.336772 0.322872 0.508623 0.416903
Bgias 0.072559 0.006427 0.012273 0.083686 0.022535 0.123606 0.077246 0.030142
Table 5. Rank table for the DT-Sin-E distribution at n = 50
Par. Metric MLE LSE WLSE CVM AD MPS PM QLS
« RMSE 0.433891 0.501418 0.462045 0.563899 0.432708 0.379808 0.722888 0.573639
{3} {5} {4} {6} {2} {1} {8} {7}
a Bias 0.108590 0.024121 0.040943 0.138591 0.049474 0.130816 0.153184 0.079241
{5} {1} {2} {73 {3} {6} {8} {4}
B RMSE 0.334531 0.380062 0.350738 0.407647 0.336772 0.322872 0.508623 0.416903
{2} {5} {4} {6} {3} {1} {8} {7}
B Bias  0.072559 0.006427 0.012273 0.083686 0.022535 0.123606 0.077246 0.030142
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Table 6. Monte Carlo summary for the DT-Sin-E distribution at n = 125 with 1000 replications
Statistic MLE LSE WLSE CVM AD MPS PM QLS
Arnitial 1.9 1.9 1.9 1.9 1.9 1.9 1.9 1.9
Apean  1.941457 1.902731 1.917535 1.945677 1.916765 1.824636 1.957197 1.917185
apysg  0.252318 0.294288 0.26421 0.307539 0.26007 0.241617 0.414079  0.3222
ABias 0.041457 0.002731 0.017535 0.045677 0.016765 0.075364 0.057197 0.017185
Brnitial 1.7 1.7 1.7 1.7 1.7 1.7 1.7 1.7
Buyean  1.728204 1.695032 1.708588 1.730241 1.708211 1.631741 1.729628 1.702482
Bryse  0.199001 0.236882 0.211131 0.24335  0.20833  0.20027  0.319588 0.24714
Bgias 0.028204 0.004968 0.008588 0.030241 0.008211 0.068259 0.029628 0.002482
Table 7. Rank table for the DT-Sin-E distribution at n = 125
Par. Metric MLE LSE WLSE CVM AD MPS PM QLS
a RMSE 0.252318 0.294288 0.264210 0.307539 0.260070 0.241617 0.414079 0.322200
2} 5} 4} {6} 3} {1} (8} 17}
a Bias 0.041457 0.002731 0.017535 0.045677 0.016765 0.075364 0.057197 0.017185
{5} {1} {4} {6} {2} {8} {7} {3}
B RMSE 0.199001 0.236882 0.211131 0.243350 0.208330 0.200270 0.319588 0.247140
{1} {5} {4} {6} {3} {2} {8} {7}
B Bias 0.028204 0.004968 0.008588 0.030241 0.008211 0.068259 0.029628 0.002482
{5} {2} {4} {7} {3} {8} {6} {1}
Table 8. Monte Carlo summary for the DT-Sin-E distribution at n =250 with 1000 replications
Statistic MLE LSE WLSE CVM AD MPS PM QLS
Apnitial 1.9 1.9 1.9 1.9 1.9 1.9 1.9 1.9
Ayean  1.915669 1.898195 1.904931 1.919368 1.903272 1.848807 1.931411 1.895426
apysg  0.171627 0.204824 0.182415 0.209066 0.180596 0.170957 0.287226 0.225962
ABias 0.015669 0.001805 0.004931 0.019368 0.003272 0.051193 0.031411 0.004574
Brnitial 1.7 1.7 1.7 1.7 1.7 1.7 1.7 1.7
Buyean 1.715788 1.701981 1.707779 1.719589 1.706464 1.660297 1.723535 1.697285
Bruse  0.143524 0.17042  0.152608 0.17316  0.151617 0.14437  0.234621 0.182176
Bgias 0.015788 0.001981 0.007779 0.019589 0.006464 0.039703 0.023535 0.002715
Table 9. Rank table for the DT-Sin-E distribution at n = 250
Par. Metric MLE LSE WLSE CVM AD MPS PM QLS
a RMSE 0.171627 0.204824 0.182415 0.209066 0.180596 0.170957 0.287226 0.225962
{2} {5} {4} {6} {3} {1} {8} {7}
a Bias 0.015669 0.001805 0.004931 0.019368 0.003272 0.051193 0.031411 0.004574
{5} {1} {4} {6} {2} {8} {7} {3}
B RMSE 0.143524 0.170420 0.152608 0.173160 0.151617 0.144370 0.234621 0.182176
{1} {5} {4} {6} {3} {2} {8} {7}
B Bias 0.015788 0.001981 0.007779 0.019589 0.006464 0.039703 0.023535 0.002715
{5} {1} {4} {6} {3} {8} {7} {2}
Table 10. Overall rank sums across methods
Sas‘i‘;lgle MLE LSE WLSE CVM AD MPS PM QLS
n = 25 20 12 11 30 12 11 28 20
n =50 15 12 12 26 11 16 30 22
n = 125 13 13 12 25 10 19 29 18
n = 250 13 12 16 24 11 19 30 19
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The Monte Carlo results indicate a consistent enhancement in accuracy as the sample size increases for estimation. Its effect is
readily observable in the significant reduction of RMSE and absolute bias in « as well as . The ranking results in the small
samples show that no estimator is dominant in all the criteria. MPS gives small RMSE values; LSE gives very small bias values.
That is, the optimal estimator would depend on whether the practised researcher focused on variance control or bias reduction.
With moderate sample sizes, the Anderson-Darling estimator is highly competitive because it performs well on both the two
parameters and on both of the accuracy measures. Because the AD criterion pays more attention to tail behavior, which is relevant
for the DT-Sin-E model because of its transformed survival structure, this result is reasonable. LSE is the best overall method
according to total rank sums for the largest sample size as it makes the empirical distribution function more stable as n increases.
Thus, the results of the simulation can give the following practical rule: MPS and WLSE could be employed on small samples,
while AD is suggested for moderate samples, while LSE is employed for larger samples when minimizing bias becomes the
primary objective.

Figure 6 how the precision of the MLE performance improves with increasing sample sizes as shown in the statistics, based on
three main simulation measures, namely, mean estimates, RMSE, and absolute bias. In this way, the figure complements the
figures used to represent the simulation tables visually, since it shows the overall estimate behavior of this method when applied
with the numerical environment the model was developed.

Figure 6 indicates that the performance of the MLE method improves clearly as the sample size increases. The mean estimates
approach the true values of a and 3, while RMSE and absolute bias decrease gradually. The results further show that MLE is
particularly strong in estimating 3, where it attains the best RMSE for large samples, while also maintaining competitive
performance for a. This confirms that maximum likelihood estimation is a stable and efficient procedure, especially for moderate
and large sample sizes.
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Figure 6. Diagnosing the performance of the MLE method for model parameters

6. Real Data Application

The real data used in this study consist of failure times for electromigration specimens reported by H.A. Schafft, T.C. Staton, J.
Mandel, and J.D. Shott in their study on the reproducibility of electromigration measurements published [19]. The actual dataset
comprises 59 positive failure-time findings from electromigration samples, which were reported in the study by Schafft, Staton,
Mandel, and Shott on the reproducibility of electromigration measurements. Electromigration failure times are important in
reliability engineering because they represent the time until failure in electronic components subjected to stress conditions. Thus,
this dataset suits assessing the ability of lifetime distributions to model reliability data with positive support and asymmetric
behavior. The observed values are: 6.545, 9.289, 7.543, 6.956, 6.492, 5.459, 8.120, 4.706, 8.687, 2.997, 8.591, 6.129, 11.038,
5.381, 6.958, 4.288, 6.522,4.137, 7.459, 7.495, 6.573, 6.538, 5.589, 6.087, 5.807, 6.725, 8.532, 9.663, 6.369, 7.024, 8.336, 9.218,
7.945, 6.869, 6.352, 4.700, 6.948, 9.254, 5.009, 7.489, 7.398, 6.033, 10.092, 7.496, 4.531, 7.974, 8.799, 7.683, 7.224, 7.365,
6.923, 5.640, 5.434, 7.937, 6.515, 6.476, 6.071, 10.491, and 5.923. To highlight the efficiency of the proposed model in fitting the
real failure-time data, an applied comparison was carried out with several well-known lifetime distributions. The competing
models considered in this analysis were the Exponential Rayleigh (ER), Generalized Exponential (EE), Inverse Weibull (IWe),
Weibull (We), Fréchet (Fr), and Nadarajah—Haghighi (NH) distributions. Table 11 reports the maximum likelihood estimates
together with -2L, AIC, CAIC, BIC, HQIC, Cramér—von Mises statistic (W), Anderson—Darling statistic (A), the Kolmogorov—
Smirnov statistic, and its p-value for the proposed model and the competing distributions.

Table 11. Comparison of the proposed model and competing distributions for the real dataset

Dist. MLEs -2L AIC CAIC BIC HQIC W A K-S v&ﬁ:le

DT- | & =37.5813 225.5236  229.5236 229.7379 233.6787 231.1456 0.0562 0.3477 0.0764 0.8548

Sin-E B=0.2208
@ =0.0025
BR | 5 ) opog | 2450204 249.0204 2492347 253.1755 2506424 0.0448  0.2493 02355 0.0023
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EE

IWe

Fr

NH

& =65.1225
B=313.7403

@ =2.3200
p=188.5193

@ =59.8475

232.0746

267.2740

231.6830

250.9268

326.1088

236.0762

271.2741

235.6830

254.9268

330.3592

236.2905

271.4883

235.8973

255.1411

330.5735

240.2313

275.4291

239.8380

259.0819

334.5143

237.6982

272.8960

237.3049

256.5488

331.9812

0.0428

0.1829

0.1177

0.3443

0.1098

0.2415  0.1047 0.5042

1.1097  0.2432  0.0015

0.7509  0.0847 0.7588

2.0404 0.1473  0.1399

0.6744  0.3296 0.0000

The results show that the proposed model provides the best overall fit among the converged models in terms of AIC (229.5236),
CAIC (229.7379), BIC (233.6787), and HQIC (231.1456), which indicates a clear advantage from the information-criterion
perspective. The generalized exponential and Weibull models are the closest competitors according to the likelihood-based
criteria, whereas the inverse Weibull, Fréchet, and Nadarajah—Haghighi models perform substantially worse. In terms of
goodness-of-fit statistics, the generalized exponential model yields the smallest W and A (0.0428 and 0.2415). However, because
model assessment should balance both information criteria and goodness-of-fit measures, the proposed model remains highly
competitive and can be regarded as the most adequate overall model for these data. It is also notable that some competing models

did not converge, which further weakens their empirical reliability.
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As shown in Figure 7, the fitted density of the proposed DT-Sin-E model adequately reflects the general distribution of the real
dataset and provides a balanced representation of the main concentration region compared to several competing distributions. This
means that the model has also been able to capture the basic structure of the data while still allowing for a certain degree of
flexibility. According to Figure 8, the empirical cumulative distribution function is very similar to the fitted cumulative curve of
the proposed model, indicating that the DT-Sin-E model is suited to the real dataset. This visual agreement is consistent with the
information criteria and goodness-of-fit results which found that the proposed model was one of the best-fit overall options.

7. Limitations and Future Directions

The DT-Sin-E model is parsimonious, but its fixed inner transformation may not be optimal for every lifetime pattern. In
particular, data with strongly bathtub-shaped, multimodal, or extremely heavy-tailed hazards may require a different baseline or
an additional structural parameter. The present simulation isolates the effect of sample size at one representative parameter
configuration, and the empirical assessment uses one complete uncensored dataset. The moment and entropy formulas also require
series truncation or numerical quadrature. These limitations motivate a broader simulation grid, applications to datasets with
distinct hazard structures, censored-data inference, accelerated failure-time or proportional-hazards regression forms, Bayesian
estimation, stress—strength analysis, and multivariate or copula-based extensions. Replacing the exponential baseline by Weibull,
Lomax, Rayleigh, Burr, or other lifetime distributions provides a direct route to a wider DT-Sin-G family.

8. Conclusions

This study introduced the DT-Sin-E distribution through a parameter-free concave inner transformation followed by a sine-power
generator. The revised theory explains why the inner map introduced in Section 2 is preferable to a direct identity transformation:
it is bounded, endpoint preserving, strictly increasing, strictly concave, and it modifies both early-failure accumulation and upper-
tail approach without adding an inner parameter. The mathematical development now includes stochastic ordering, a scale
representation, mean residual life, mean time to failure, stress—strength reliability, order statistics, and Rényi and Shannon
entropy. Eight estimation methods were compared because they represent distinct likelihood, empirical-CDF, tail, spacing,
quantile, and regression principles, and the numerical implementation now specifies initialization, optimization, convergence, and
computational cost. The existing simulation shows improved accuracy as sample size increases. The real-data application
compares the proposed model with six established lifetime distributions and shows that DT-Sin-E achieves the best likelihood-
based information criteria while remaining competitive under formal goodness-of-fit measures and fitted graphical comparisons.
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  f  ( x ) =   𝜋 𝛼 2   g  ( x )   G    ( x )  𝛼 − 1   e  𝛼  ( 1 − G  ( x ) )  ( 1 − G  ( x ) ) cos ​  (   𝜋 2    [ G  ( x )   e  1 − G  ( x ) ]  𝛼 ) .


  g  ( x ) ≥ 0


  0 ≤ G  ( x ) ≤ 1


  S  ( x ) = 1 − F  ( x ) = 1 − sin ​  (   𝜋 2    [ G  ( x )   e  1 − G  ( x ) ]  𝛼 ) .


  h  ( x ) =   f  ( x )  S  ( x ) =     𝜋 𝛼 2   g  ( x )   G    ( x )  𝛼 − 1   e  𝛼  ( 1 − G  ( x ) )  ( 1 − G  ( x ) ) cos ​  (   𝜋 2    [ G  ( x )   e  1 − G  ( x ) ]  𝛼 )  1 − sin ​  (   𝜋 2    [ G  ( x )   e  1 − G  ( x ) ]  𝛼 ) .


  𝛬  ( x ) = − ln S  ( x ) = − ln ​  [ 1 − sin ​  (   𝜋 2    [ G  ( x )   e  1 − G  ( x ) ]  𝛼 ) ] .


  G  ( x ) = 1 −   e  − 𝛽 x ,     x ≥ 0 ,   𝛽 > 0 .


  g  ( x ) = 𝛽   e  − 𝛽 x ,     x ≥ 0 .


  F  ( x ) = sin ​  (   𝜋 2    [  ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x ]  𝛼 ) ,     x ≥ 0 ,   𝛼 , 𝛽 > 0 .


  [ 0 , ∞ )


  x = 0


  F  ( 0 ) = sin ​  (   𝜋 2    [  ( 1 −   e 0 )   e    e 0 ]  𝛼 ) = sin ​  (   𝜋 2 ⋅  0  𝛼 ) = 0 .


  x → ∞


   e  − β x → 0


   ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x → 1 ⋅   e 0 = 1 .


   lim  x → ∞ F  ( x ) = sin ​  (   𝜋 2 ⋅  1  𝛼 ) = sin ​  (   𝜋 2 ) = 1 .


   [ 0 , 1 ]


  F  ( x )


  f  ( x ) =   𝜋 𝛼 𝛽 2     e  − 2 𝛽 x    ( 1 −   e  − 𝛽 x )  𝛼 − 1   e  𝛼   e  − 𝛽 x cos ​  (   𝜋 2    [  ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x ]  𝛼 ) ,   x ≥ 0 .


  S  ( x ) = 1 − sin ​  (   𝜋 2    [  ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x ]  𝛼 ) ,     x ≥ 0 ,


  h  ( x ) =     𝜋 𝛼 𝛽 2     e  − 2 𝛽 x    ( 1 −   e  − 𝛽 x )  𝛼 − 1   e  𝛼   e  − 𝛽 x cos ​  (   𝜋 2    [  ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x ]  𝛼 )  1 − sin ​  (   𝜋 2    [  ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x ]  𝛼 ) ,   x ≥ 0 .


  𝛬  ( x ) = − ln ​  [ 1 − sin ​  (   𝜋 2    [  ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x ]  𝛼 ) ] .


  α


  β


  α


  β


    M  X  ( t ) =   𝜋 𝛼 2   ∑  k = 0 ∞    ∑  m = 0 ∞       ( − 1 )  k   ( 2 k ) !    (   𝜋 2 )  2 k      [ 𝛼  ( 2 k + 1 ) ]  m  m ! B ​  ( m + 2 −   t  𝛽 ,   𝛼  ( 2 k + 1 ) ) ,


  t < 2 β


  B  ( ⋅ , ⋅ )


    M  X  ( t ) = E  (   e  t X ) =   ∫ 0 ∞    e  t x f  ( x )   d x .


    M  X  ( t ) =   𝜋 𝛼 𝛽 2   ∫ 0 ∞    e  t x   e  − 2 𝛽 x    ( 1 −   e  − 𝛽 x )  𝛼 − 1   e  𝛼   e  − 𝛽 x cos ​  (   𝜋 2    [  ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x ]  𝛼 ) d x .


  W  ( x ) =  ( 1 −  e  − β x )  e   e  − β x ,  


  1 − G  ( x ) =  e  − β x


   e  1 − G  ( x ) =  e   e  − β x .


   ( 1 −  e  − β x )  e   e  − β x  


   e  − β x


   ( 1 −  e  − β x )  e  − β x


  y =  e  − β x ,


  x = −  1 β lny ,     dx = −  1  β y dy .


  x → 0


  y → 1


  x → ∞


  y → 0


    M  X  ( t ) =   𝜋 𝛼 2   ∫ 0 1    y  1 −   t  𝛽    ( 1 − y )  𝛼 − 1   e  𝛼 y cos ​  (   𝜋 2    [  ( 1 − y )   e  y ]  𝛼 ) d y .


  cos  ( z ) =   ∑  k = 0 ∞       ( − 1 )  k   z  2 k   ( 2 k ) ! .


  z =   𝜋 2    [  ( 1 − y )   e  y ]  𝛼 ,


  cos ​  (   𝜋 2    [  ( 1 − y )   e  y ]  𝛼 ) =   ∑  k = 0 ∞       ( − 1 )  k   ( 2 k ) !    (   𝜋 2 )  2 k    ( 1 − y )  2 k 𝛼   e  2 k 𝛼 y .


    M  X  ( t ) =   𝜋 𝛼 2   ∑  k = 0 ∞       ( − 1 )  k   ( 2 k ) !    (   𝜋 2 )  2 k   ∫ 0 1    y  1 −   t  𝛽    ( 1 − y )  𝛼  ( 2 k + 1 ) − 1   e  𝛼  ( 2 k + 1 ) y   d y .


    e  𝛼  ( 2 k + 1 ) y =   ∑  m = 0 ∞       [ 𝛼  ( 2 k + 1 ) ]  m  m !   y  m .


    M  X  ( t ) =   𝜋 𝛼 2   ∑  k = 0 ∞    ∑  m = 0 ∞       ( − 1 )  k   ( 2 k ) !    (   𝜋 2 )  2 k      [ 𝛼  ( 2 k + 1 ) ]  m  m !   ∫ 0 1    y  m + 1 −   t  𝛽    ( 1 − y )  𝛼  ( 2 k + 1 ) − 1 d y .


  B  ( a , b ) =   ∫ 0 1    y  a − 1    ( 1 − y )  b − 1 d y ,


  a = m + 2 −   t  𝛽 ,     b = 𝛼  ( 2 k + 1 ) ,


    M  X  ( t ) =   𝜋 𝛼 2   ∑  k = 0 ∞    ∑  m = 0 ∞       ( − 1 )  k   ( 2 k ) !    (   𝜋 2 )  2 k      [ 𝛼  ( 2 k + 1 ) ]  m  m ! B ​  ( m + 2 −   t  𝛽 ,   𝛼  ( 2 k + 1 ) ) .


  t < 2 β


  y = 0


   y  1 − t / β


  x → ∞


  y =  e  − β x


  y → 0


  W  ( x ) =  ( 1 − y )  e y = 1 −    y 2 2 + O  (  y 3 ) .


  W    ( x ) α = 1 −   α  y 2 2 + O  (  y 3 ) .


  cos  (  π 2 W    ( x ) α ) = O  (  y 2 ) ,  


  f  ( x ; α , β ) = O  (  e  − 4 β x ) .


   e tx f  ( x ; α , β ) = O  (  e  −  ( 4 β − t ) x ) ,  


  t < 4 β .


  𝐫


    𝜇  r ′ =   𝜋 𝛼  2   𝛽  r   ∑  k = 0 ∞    ∑  m = 0 ∞       ( − 1 )  k   ( 2 k ) !    (   𝜋 2 )  2 k      [ 𝛼  ( 2 k + 1 ) ]  m  m !    ( − 1 )  r       ∂  r  ∂   a  r B  ( a , b ) |  a = m + 2 ,   b = 𝛼  ( 2 k + 1 ) .


    𝜇  r ′ = E  (   X  r ) =   ∫ 0 ∞    x  r f  ( x )   d x .


  y =  e  − β x


  x = −  1 β lny ,


    x  r =      ( − ln y )  r    𝛽  r .


    𝜇  r ′ =   𝜋 𝛼  2   𝛽  r   ∫ 0 1     ( − ln y )  r y    ( 1 − y )  𝛼 − 1   e  𝛼 y cos ​  (   𝜋 2    [  ( 1 − y )   e  y ]  𝛼 ) d y .


    𝜇  r ′ =   𝜋 𝛼  2   𝛽  r   ∑  k = 0 ∞    ∑  m = 0 ∞       ( − 1 )  k   ( 2 k ) !    (   𝜋 2 )  2 k      [ 𝛼  ( 2 k + 1 ) ]  m  m !   ∫ 0 1     ( − ln y )  r   y  m + 1    ( 1 − y )  𝛼  ( 2 k + 1 ) − 1 d y .


     ∂  r  ∂   a  r B  ( a , b ) =   ∫ 0 1    y  a − 1    ( 1 − y )  b − 1    ( ln y )  r   d y .


     ( − lny ) r =    ( − 1 ) r    ( lny ) r ,


    ∫ 0 1     ( − ln y )  r   y  m + 1    ( 1 − y )  𝛼  ( 2 k + 1 ) − 1 d y =    ( − 1 )  r       ∂  r  ∂   a  r B  ( a , b ) |  a = m + 2 ,   b = 𝛼  ( 2 k + 1 ) .


    𝜇  r ′ =   𝜋 𝛼  2   𝛽  r   ∑  k = 0 ∞    ∑  m = 0 ∞       ( − 1 )  k   ( 2 k ) !    (   𝜋 2 )  2 k      [ 𝛼  ( 2 k + 1 ) ]  m  m !    ( − 1 )  r       ∂  r  ∂   a  r B  ( a , b ) |  a = m + 2 ,   b = 𝛼  ( 2 k + 1 ) .


  r = 1


   ∂  ∂ a B  ( a , b ) = B  ( a , b )  [ 𝜓  ( a ) − 𝜓  ( a + b ) ] ,


  ψ  ( ⋅ )


  E  ( X ) =   𝜋 𝛼  2 𝛽   ∑  k = 0 ∞    ∑  m = 0 ∞       ( − 1 )  k   ( 2 k ) !    (   𝜋 2 )  2 k      [ 𝛼  ( 2 k + 1 ) ]  m  m ! B  ( m + 2 , 𝛼  ( 2 k + 1 ) )  [ 𝜓  ( m + 2 + 𝛼  ( 2 k + 1 ) ) − 𝜓  ( m + 2 ) ] .


  r = 2


     ∂ 2  ∂   a 2 B  ( a , b ) = B  ( a , b )  {    [ 𝜓  ( a ) − 𝜓  ( a + b ) ] 2 +   𝜓 1  ( a ) −   𝜓 1  ( a + b ) } ,


   ψ 1  ( ⋅ )


  E  (   X 2 ) =   𝜋 𝛼  2   𝛽 2   ∑  k = 0 ∞    ∑  m = 0 ∞       ( − 1 )  k   ( 2 k ) !    (   𝜋 2 )  2 k      [ 𝛼  ( 2 k + 1 ) ]  m  m ! B  ( m + 2 , 𝛼  ( 2 k + 1 ) )  {    [ 𝜓  ( m + 2 ) − 𝜓  ( m + 2 + 𝛼  ( 2 k + 1 ) ) ] 2 i g h t .


   +   𝜓 1  ( m + 2 ) −   𝜓 1  ( m + 2 + 𝛼  ( 2 k + 1 ) ) } .


   +   𝜓 1  ( m + 2 ) −   𝜓 1  ( m + 2 + 𝛼  ( 2 k + 1 ) ) } .


  Var  ( X ) = E  (   X 2 ) −    [ E  ( X ) ] 2 .


  𝟎 < 𝒖 < 𝟏


  Q  ( u ) = −  1  𝛽 ln ​  [ 1 +   W 0 ​  ( −  1  e    (  2  𝜋 arcsin  ( u ) )   1  𝛼 ) ] ,


   W 0  ( ⋅ )


  W


  𝒖 = 𝑭  ( 𝒙 ) .


  u = sin ​  (   𝜋 2    [  ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x ]  𝛼 ) .


  arcsin  ( 𝜈 ) =   𝜋 2    [  ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x ]  𝛼 .


     [  ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x ]  𝛼 =  2  𝜋 arcsin  ( 𝜈 ) ,


   ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x =    (  2  𝜋 arcsin  ( 𝜈 ) )  1 / 𝛼 .


  c =    (  2  𝜋 arcsin  ( 𝜈 ) )  1 / 𝛼 .


   ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x = c .


  y =  e  − β x .


  x ≥ 0


  0 < y ≤ 1


   ( 1 − y )   e  y = c .


  z = 1 − y .


  y = 1 − z


  z   e  1 − z = c .


  z   e  − z =   c  e .


  − 1


   ( − z )   e  − z = −   c  e .


  W


  − z = W ​  ( −   c  e ) ,


  z = − W ​  ( −   c  e ) .


  y = 1 − z


  y = 1 + W ​  ( −   c  e ) .


  y =  e  − β x


    e  − 𝛽 x = 1 + W ​  ( −   c  e ) .


  − 𝛽 x = ln ​  [ 1 + W ​  ( −   c  e ) ] ,


  x = −  1  𝛽 ln ​  [ 1 + W ​  ( −   c  e ) ] .


  c


  Q  ( 𝜈 ) = −  1  𝛽 ln ​  [ 1 + W ​  ( −  1  e    (  2  𝜋 arcsin  ( 𝜈 ) )  1 / 𝛼 ) ] .


  0 < ν < 1


  W


   ( − 1 / e , 0 )


   W 0


  0 <  e  − β x < 1


  Q  ( u ) = −  1  𝛽 ln ​  [ 1 +   W 0 ​  ( −  1  e    (  2  𝜋 arcsin  ( u ) )  1 / 𝛼 ) ] ,     0 < u < 1 .


  u = 0 . 5


  Med  ( X ) = −  1  𝛽 ln ​  [ 1 +   W 0 ​  ( −  1  e    (  2  𝜋 arcsin  ( 0 . 5 ) )  1 / 𝛼 ) ] .


  arcsin  ( 0 . 5 ) = π / 6


  Med  ( X ) = −  1  𝛽 ln ​  [ 1 +   W 0 ​  ( −  1  e    (  1 3 )   1  𝛼 ) ] .


  U ∼ Uniform  ( 0 , 1 )


  X = Q  ( U ) = −  1  𝛽 ln ​  [ 1 +   W 0 ​  ( −  1  e    (  2  𝜋 arcsin  ( U ) )   1  𝛼 ) ] .


    z  𝛽  ( x ) = H  (   G  𝛽  ( x ) ) =  ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x ,       F  𝛼 , 𝛽  ( x ) = sin  {   𝜋 2    [   z  𝛽  ( x ) ]  𝛼 } .


    F    𝛼 1 , 𝛽  ( x ) ≥   F    𝛼 2 , 𝛽  ( x )   ⇒     X    𝛼 1 , 𝛽  ≤ st   X    𝛼 2 , 𝛽 .


    F  𝛼 ,   𝛽 1  ( x ) ≤   F  𝛼 ,   𝛽 2  ( x )   ⇒     X  𝛼 ,   𝛽 1  ≥ st   X  𝛼 ,   𝛽 2 .


    F  Y  ( y ) = sin  {   𝜋 2    [  ( 1 −   e  − y )   e    e  − y ]  𝛼 } ,     E  (   X  r ) =   𝛽  − r E  (   Y  r ) .


  m  ( t ) =  1  S  ( t )   ∫  t ∞  S  ( x )   d x =  1  𝛽 S  ( t )   ∫ 0    e  − 𝛽 t    1 − sin  {   𝜋 2    [  ( 1 − y )   e  y ]  𝛼 }  y   d y .


  MTTF = E  ( X ) =  1  𝛽   ∫ 0 1    1 − sin  {   𝜋 2    [  ( 1 − y )   e  y ]  𝛼 }  y   d y .


    R  X , Y = P  ( X > Y ) =   ∫ 0 ∞    F  Y  ( x )   f  X  ( x )   d x .


    f  r : n  ( x ) =   n !   ( r − 1 ) !  ( n − r ) ! f  ( x )    [ F  ( x ) ]  r − 1    [ 1 − F  ( x ) ]  n − r ,     r = 1 , … , n .


    F  r : n  ( x ) =   ∑  j = r  n   (   n  j )    [ F  ( x ) ]  j    [ 1 − F  ( x ) ]  n − j .


    F  r : n  ( x ) =   ∑  j = r  n   (   n  j )    [ F  ( x ) ]  j    [ 1 − F  ( x ) ]  n − j .


    F  1 : n  ( x ) = 1 −    [ S  ( x ) ]  n ,       F  n : n  ( x ) =    [ F  ( x ) ]  n .


  U = 1 −   e  − 𝛽 X ,     Z = U   e  1 − U .


    q  𝛼  ( u ) =   𝜋 𝛼 2   Z  𝛼 − 1   e  1 − u  ( 1 − u ) cos  (   𝜋 2   Z  𝛼 ) ,     0 < u < 1 .


   ℛ  𝜌  ( X ) = − log 𝛽 +  1  1 − 𝜌  { 𝜌 log  (   𝜋 𝛼 2 ) + log   I  𝜌  ( 𝛼 ) } ,


    I  𝜌  ( 𝛼 ) =   ∫ 0 1    Z  𝜌  ( 𝛼 − 1 )   e  𝜌  ( 1 − u )    ( 1 − u )  2 𝜌 − 1  cos  𝜌  (   𝜋 2   Z  𝛼 )   d u .


  ℋ  ( X ) = −   ∫ 0 1    q  𝛼  ( u ) log  { 𝛽  ( 1 − u )   q  𝛼  ( u ) }   d u .


  f  ( x ;   α ,   β ) ,   F  ( x ;   α ,   β ) ,


  Q  ( u )


  𝛹  ( x ; 𝛽 ) =  ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x ,       𝛹  i = 𝛹  (   x  i ; 𝛽 ) ,       𝛹   ( i ) = 𝛹  (   x   ( i ) ; 𝛽 ) .


  ℓ  ( 𝛼 , 𝛽 ) =   ∑  i = 1  n ln f  (   x  i ; 𝛼 , 𝛽 ) .


  ℓ  ( 𝛼 , 𝛽 ) = n log  (   𝜋 𝛼 𝛽 2 ) − 2 𝛽   ∑  i = 1  n    x  i +  ( 𝛼 − 1 )   ∑  i = 1  n log   𝛹  i +   ∑  i = 1  n    e  − 𝛽   x  i +   ∑  i = 1  n log cos  (   𝜋 2   𝛹  i  𝛼 ) .


  S  ( 𝛼 , 𝛽 ) =   ∑  i = 1  n     [ sin  (   𝜋 2   𝛹   ( i )  𝛼 ) −   i  n + 1 ] 2 .


  W  ( 𝛼 , 𝛽 ) =   ∑  i = 1  n       ( n + 1 ) 2  ( n + 2 )  i  ( n − i + 1 )    [ sin  (   𝜋 2   𝛹   ( i )  𝛼 ) −   i  n + 1 ] 2 .


  C  ( 𝛼 , 𝛽 ) =  1  12 n +   ∑  i = 1  n     [ sin  (   𝜋 2   𝛹   ( i )  𝛼 ) −   2 i − 1  2 n ] 2 .


  A  ( 𝛼 , 𝛽 ) = − n −  1  n   ∑  i = 1  n   ( 2 i − 1 )  [ lnsin  (   𝜋 2   𝛹   ( i )  𝛼 ) + ln  ( 1 − sin  (   𝜋 2   𝛹   ( n + 1 − i )  𝛼 ) ) ] .


  M  ( 𝛼 , 𝛽 ) = −   ∑  i = 1  n + 1 ln  [ sin  (   𝜋 2   𝛹   ( i )  𝛼 ) − sin  (   𝜋 2   𝛹   ( i − 1 )  𝛼 ) ] .


  F  (  x   ( 0 ) ) = 0


  F  (  x   ( n + 1 ) ) = 1


  P  ( 𝛼 , 𝛽 ) =   ∑  i = 1  n     [   x   ( i ) +  1  𝛽 ln  ( 1 +   W 0  ( −  1  e    (  2  𝜋 arcsin  (   i  n + 1 ) )  1 / 𝛼 ) ) ] 2 .


  F  ( x ) = sin  (   𝜋 2 𝛹    ( x ; 𝛽 )  𝛼 ) .


     (  2  𝜋 arcsin  ( F  ( x ) ) )  1 / 𝛼 = 𝛹  ( x ; 𝛽 ) =  ( 1 −   e  − 𝛽 x )   e    e  − 𝛽 x .


  W


  ln  [ 1 +   W 0  ( −  1  e    (  2  𝜋 arcsin  ( F  ( x ) ) )  1 / 𝛼 ) ] = − 𝛽 x .


  F  (  x   ( i ) ) =  i  n + 1


    y  i = ln  [ 1 +   W 0  ( −  1  e    (  2  𝜋 arcsin  (   i  n + 1 ) )  1 / 𝛼 ) ] ,       z  i = −   x   ( i ) .


    y  i = 𝛽   z  i +   𝜀  i ,


  α


  α


  β


  𝜂 = log 𝛼 ,     𝜁 = log 𝛽 ,      ( 𝛼 , 𝛽 ) =  (   e  𝜂 ,   e  𝜁 ) .


     |   Q  k + 1 −   Q  k |  1 +  |   Q  k | <  10  − 10 ,     max {  |   𝜂  k + 1 −   𝜂  k | ,  |   𝜁  k + 1 −   𝜁  k | } <  10  − 8 ,


  O ( n )


  k


  O ( k n )


  𝛼 = 1 . 9


  𝛽 = 1 . 7


  n = 25 ,   50 ,   125


  250


  ( 𝛼 ,   𝛽 )   =   ( 1 . 9 ,   1 . 7 )


  n   ∈   { 25 ,   50 ,   125 ,   250 }


  R   =   1000


    x 1 ,     x 2 ,   … ,     x  n  


  𝛼


  𝛽


    𝛼 ^


    𝛽 ^


  R   =   1000


  n   =   25
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