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ABSTRACT
This study presents the DUSTopp-Leone Burr-Hatke-Exponential

(DUSTLBHE) model, a new and more flexible extension of the
BHE model. The DUSTLBHE model accommodates diverse den-
sity shapes such as right-skewed, heavy-tailed, unimodal, or decreas-
ing, and failure rate patterns such as increasing, decreasing, inverted-
bathtub, and reversed-J. Several statistical properties, including raw
and incomplete moments, quantile and moment-generating func-
tions, entropies, and order statistics, are derived and illustrated. The
DUSTLBHE model parameters are estimated using the maximum
likelihood estimation (MLE) method. Simulation studies were uti-
lized to assess the accuracy and efficiency of the MLE, while three
real datasets from medical and engineering applications demonstrate
the model’s flexibility. The DUSTLBHE model is compared with
several competing distributions using standard goodness-of-fit cri-
teria such as the log-likelihood, Akaike information criterion (AIC),
Bayesian information criterion (BIC), corrected AIC (AICc), Han-
nan Quinn IC (HQIC), and Kolmogorov–Smirnov (KVS) statistics.
The results show that the DUSTLBHE distribution provides smaller
AIC, BIC, AICc, HQIC, and KVS values and higher log-likelihood
values than the competing models, indicating a superior fit to the
datasets. These findings demonstrate that the DUSTLBHE model is a
flexible and useful alternative for modelling skewed and heavy-tailed
real-world data, particularly in epidemiological and reliability stud-
ies.
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1. Introduction

Classical distributions often fail to capture the characteristics of contemporary datasets, inspiring the
development of new and more flexible distributional families. Researchers have therefore presented several
generalizations of classical models to improve statistical inference and reliability in real-world applications.
However, exact probability modeling is crucial in engineering and biomedical sciences, where inappropriate
distributional selections can lead to unreliable inferences and stern consequences.

The Topp Leone (TL) family [47] and Burr Hatke (BH) family [26] of distributions have emerged as
particularly influential in reliability and lifetime analysis. The TL family has generated several advanced
variants, including power-TL-G family [40] , Transmuted TL-G family [50], New Power-TL Generated
Family [17], exponentiated generalized TL-G family [39], TL discrete-Laplace distribution [5], General-
ized TL-G family [44], TL-Kumaraswamy family [45], Tangent TL-G family [32], Cosine TL-G family
[33], TL-Marshall-Olkin family [18], Alpha power generalized odd generalized exponential-G family [1],
DUSTL-G family [20], TL-Kumaraswamy-Marshall-Olkin family [14], Lambert TL-G family [13], and
others. The BH framework has produced many useful adaptations, such as exponentiated, logarithmic, unit,
and weighted forms. These contributions demonstrate the growing importance of generalized distributions
across reliability engineering, medical sciences, and applied statistics. This study builds on that progress
by focusing on the Burr–Hatke Exponential (BHE) distribution, a one-parameter model introduced by [49].
Although the BHE has proven effective in diverse fields, its limited flexibility restricts its wider applicabil-
ity. To address this, we propose an extended version of the BHE distribution, offering greater adaptability
to various data structures.

Additionally, a persistent challenge lies in transforming complex and imprecise data into actionable
insights that can enhance healthcare outcomes in medical science. Due to the intricate interplay of envi-
ronmental, biological, and behavioral factors influencing human health, medical data are often difficult to
interpret. Such data typically exhibit high dimensionality, noise, and uncertainty, making it challenging to
derive precise conclusions [36]. To address these complexities, the use of probability distribution models
has become increasingly essential. These provide a structured framework for quantifying and interpreting
the inherent randomness in medical data, allowing researchers to extract meaningful and reliable informa-
tion from otherwise unpredictable patterns.

The COVID-19 pandemic, in particular, has underscored the importance of probabilistic modelling in
understanding and analysing global health crises. The stochastic nature of the pandemic, where outcomes
depend on multiple interacting variables, has driven the need for innovative statistical techniques to model,
interpret, and forecast its dynamics [6]. In response, numerous researchers have applied various probabilis-
tic models to COVID-19 data, aiming to achieve better model fit, enhanced interpretability, and improved
predictive accuracy in assessing the disease’s spread and impact [15, 29, 21, 46, 34]. This study develops
the mathematical properties of this novel model, explores the ability of the maximum likelihood estimation
technique via simulation and demonstrates its utility through applications to COVID-19 and fibre strength
datasets.

This study unfolds systematically across these sections. Section 2 presents the mathematical speci-
fication of the novel DUSTL-G family member. Section 3 develops linear representations and explores
fundamental distributional properties of the DUSTLBHE model. Section 4 encompasses classical parameter
estimation methodology with the maximum likelihood estimation (MLE) method . Section 5 simulation
study is carried out to assess the accuracy and efficiency of the MLE, while Section 6 presents comprehen-
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sive real-world data applications, followed by a conclusion in Section 7.

2. The Novel Distribution Genesis

The cumulative distribution function (cdf) of the BHE distribution introduced by [49] is specified as

G (y, φ) = 1 −
e−φy

1 + φy
, y > 0, φ > 0, (2.1)

and the probability density function (pdf) is specified as

g (y, φ) = φe−φy 2 + φy
(1 + φy)2 . (2.2)

The cdf of the DUSTL-G family with a single shape parameter is introduced by [20] as

F (y; η, ξ) =
e
{
1−[1−G(y;ξ)]2

}η
− 1

e − 1
, y > 0, η > 0, (2.3)

and the pdf specified as

f (y; η, ξ) =
2ηg {y; ξ}

[
1 −G (y; ξ)

] {
1 −

[
1 −G (y; ξ)

]2
}η−1

e
{
1−[1−G(y;ξ)]2

}η
e − 1

. (2.4)

where e = exp ≈ 2.71828. The baseline distribution vector of parameters ξ with cdf and pdf denoted as
G (y; ξ) and g (y; ξ), respectively.

A random variable (r,v) Y follows the DUS-Topp Leone Burr Hatke Exponential (DUSTLBHE) distribu-
tion with parameters η > 0 and φ > 0, denoted as Y ∼ DUSTLBHE(η, φ), if its cdf by inserting Eq.(2.1) into
Eq.(2.3) is specified as

F (y; η, φ) =
e(1−u2)η − 1

e − 1
, y > 0, (2.5)

with the first derivative of Eq.(2.5), the pdf specified as

f (y; η, φ) =
2φη (2 + φy) e−2φy

(e − 1) (1 + φy)3

(
1 − u2

)η−1
e(1−u2)η , (2.6)

where u = e−φy

1+φy .
The survival function s (y; η, φ) and hazard rate function h (y; η, φ) of the DUSTLBHE distribution are

specified, respectively as

S (y; η, φ) =
e − e(1−u2)η

e − 1
, (2.7)

and

h (y; η, φ) =
2φη (2 + φy) e−2φx

(
1 − u2

)η−1
e(1−u2)η

(1 + φy)3
[
e − e(1−u2)η

] . (2.8)
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The quantile function Q(p) is considered crucial for generating pseudo-random samples from the
DUSTLBHE distribution. The Q(p) = F−1 (p) for 0 < p < 1 is specified as

Q(p) =
1
φ

W

 e√
K(p)

 − 1

 , (2.9)

where K(p) = 1 − [log(1 + p(e − 1))]1/η, W is the Lambert W function [19], e is the inverse of natural log
function and u follows the uniform distribution. More so, the first, second (median), and third quantiles can
be derived by inserting u = 0.25, u = 0.5, and u = 0.75 into Eq.(2.9), respectively.

Figure 1. Density function plots for the DUSTLBHE model.

The motivation to introduce the DUSTLBHE is based on its flexibility with varying shapes such as right
skewed, decreasing, and unimodal densities (see Figure 1). Moreover, the hazard rate function (hrf) has
increasing-decreasing, increasing, inverted bathtub, decreasing, and reversed-J shaped ,making it more
useful and an alternative to the baseline distribution (see Figures 2). Nonetheless, the novel DUSTLBHE

distribution, which has two parameters, can also be extended with other families of distributions for greater
flexibility and adaptability.

3. Linear representation and structural properties

3.1. Linear representation

Here, the linear representations of the cdf and pdf, useful for deriving the properties of the DUSTLBHE

distribution, are presented. Firstly, applying the power series (eu − 1) =
∑∞

i=1
ui

i! and binomial series

(1 − u)β =
∑∞

j=0 (−1) j
(
β

j

)
u j for |u| < 1 [23, 2], to Eq.(2.5) leads to

F (y) =
∞∑

i=1

∞∑
j=0

(−1) j
(
ηi
j

)
u2 j, (3.1)
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Figure 2. Hrf plots for the DUSTLBHE model.

Modern Journal of Statistics Volume 2, Issue 2, 30–56



35

where u = e−φy

1+φy . Applying Taylor series expansion, (1 + z)−β =
∑∞

k=0 (−1)k
(
β + k − 1

k

)
zk to Eq.(3.1), the

linear form of the cdf is specified as

F (y) =
∞∑

i=1

A j,kyke−2 jφy, (3.2)

where A j,k =
∑∞

j,k=0 (−1) j+k φk

(
ηi
j

) (
2 j + k − 1

k

)
.

Correspondingly, applying power series (eu) =
∑∞

j=0
u j

j! , binomial series and Taylor series expansions to
Eq.(2.6) leads to

f (y) = 2φη (2 + φy)
∞∑

i=0

∞∑
j,k,l=0

(−1)i+k+l
(
η − 1

i

) (
η j
k

) (
2 (i + k + 1) + l

l

)
(φy)le−2φ(i+k+1)y, (3.3)

Simplifying Eq.(3.3), the linear form of the pdf is specified as

f (y) = (2 + φy)
∞∑

i=0

A∗j,k,ly
le−2φ(i+k+1)y, (3.4)

where A∗j,k,l = 2η
∑∞

j,k,l=0 (−1)i+k+l φl+1

(
η − 1

i

) (
η j
k

) (
2 (i + k + 1) + l

l

)
.

3.2. Structural Properties

Here, several statistical properties of the DUSTLBHE distribution are derived. These include the asymp-
totic behaviour, ordinary and incomplete moments, moment generating function, entropy and order statistic.

3.2.1. Asymptotic Properties

The asymptotic behaviour of the density, cumulative, and hazard rate functions of the DUSTLBHE dis-
tribution are presented in Table 1. The limiting behaviour of the provides insight into the behaviour of the
model at the boundaries of the support. Specifically, the limits of the PDF, CDF, and hazard rate function
were evaluated as y → 0+ and y → ∞. These limits were obtained using the asymptotic properties of the
exponential function and the structure of the Burr-Hatke exponential baseline distribution. As y → 0+, the
exponential component approaches unity while the denominator term remains finite, resulting in a finite
density value. This indicates that the proposed distribution assigns non-zero probability to observations
near the origin. On the other hand, as y→ ∞, the exponential term tends to zero and consequently the den-
sity function approaches zero. This confirms that the proposed model has a light-tailed behaviour similar
to exponential-type distributions. The limiting behaviour summarized in Table 1, therefore describes the
boundary characteristics of the DUSTLBHE distribution and provides useful insight into its reliability and
survival properties.
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Table 1. Asymptotic behaviour of the DUSTLBHE distributions

Function y→ 0+ y→ ∞
f (y) 0 0
F(y) 0 1
h(y) 0 ∞

3.2.2. Ordinary and Incomplete moments

The rth moment, say µ′r =
∫ ∞

0
yr f (y) dy for the DUSTLBHE using Eq.(3.4) can be derived as follows

µ′r = (2 + φy)
∞∑

i=0

A∗j,k,l

∫ ∞

0
yr+le−2φ(i+k+1)ydy. (3.5)

Simplifying Eq.(3.5) leads to

µ′r =

∞∑
i=0

A∗j,k,l

[
2
∫ ∞

0
yr+le−2φ(i+k+1)ydy + φ

∫ ∞

0
yr+l+1e−2φ(i+k+1)ydy

]
. (3.6)

Let z = 2φ (i + k + 1) y ⇒ y = z
2φ(i+k+1) and dy = dz

2φ(i+k+1) , given that as y → 0 ⇒ z → 0 and
y→ ∞⇒ z→ ∞ . Hence,

µ′r =

∞∑
i=0

A∗j,k,l

 2[
2φ (i + k + 1)

]r+l+1

∫ ∞

0
zr+le−zdz +

φ[
2φ (i + k + 1)

]r+l+2

∫ ∞

0
zr+l+1e−zdz

 . (3.7)

Utilizing the gamma integral form, say Γ (α) =
∫ ∞

0
zα−1e−zdz with α − 1 = r + l and α = r + l + 1 in

Eq.(3.7) Therefore, the rth moment is specified as

µ′r =

∞∑
i=0

A∗jkl

 2Γ (r + l + 1)[
2φ (i + k + 1)

]r+l+1 +
φΓ (r + l + 2)[

2φ (i + k + 1)
]r+l+2

 , (3.8)

where Γ (·) is the gamma function. The first four moments are derived by inserting r = 1, 2, 3, 4 into
Eq.(3.8). The mean expression with r = 1 for the DUSTLBHE distribution is specified as

µ′1 =

∞∑
i=0

A∗jkl

 2Γ (l + 2)[
2φ (i + k + 1)

]l+2 +
φΓ (l + 3)[

2φ (i + k + 1)
]l+3

 . (3.9)

Table 2 presents the numerical values of first four moments, Skewness (SK), Kurtosis (KU), standard de-
viation (SD), coefficient of variation (CV), and dispersion index (DI) for different parameter combinations
of the DUSTLBHE distribution. The DI less than one for all the parameter combinations indicate under
dispersion . Also, the CV > 20% suggests that the new distribution can handle datasets that are more
spread out relative to the mean. Also, the results show that the skewness varies from 1.64 to 2.63, indicating
that the distribution remains positively skewed for all parameter configurations considered. The increase in
skewness occurs because the shape parameter (η) controls the asymmetry and tail behaviour of the distribu-
tion. When the shape parameter (η) increases while the scale parameter (φ) remains moderate, the right tail
becomes longer and heavier, thereby increasing the skewness coefficient.
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Furthermore, the kurtosis values demonstrate the ability of the proposed model to capture heavy-tailed
behaviour. In particular, the kurtosis value of 13.94 observed for one parameter combination indicates a
highly leptokurtic distribution. Such large kurtosis arises when the probability mass becomes concentrated
near the central region, while extreme observations occur with relatively higher probability in the right tail.
This behaviour highlights the flexibility of the DUSTLBHE distribution in modelling datasets that exhibit
strong skewness and heavy-tailed characteristics.

Figure 3 depicts the 3-D plots of the statistical properties of the DUSTLBHE model with varied values of
η and φ. The plots support the results presented in Table 2 for the various statistical measures.

Table 2. Descriptive measures of the DUSTLBHE model

µ′r (1.5, 0.5) (2.5, 1.5) (0.5, 1.5) (0.9, 2.5)
µ′1 0.8863 0.3804 0.1510 0.1327
µ′2 1.3226 0.2142 0.0594 0.0352
µ′3 2.8542 0.1646 0.0385 0.0144
µ′4 8.2649 0.1645 0.0354 0.0081
SK 1.8538 1.6464 2.6320 2.1481
KU 8.7653 7.6952 13.9430 10.5053
SD 0.7329 0.2637 0.1914 0.1328
CV 0.8269 0.6932 1.2680 1.0011
DI 0.6061 0.1828 0.2427 0.1330

Figure 3. The Mean, Variance, Skewness, and Kurtosis plots for the DUSTLBHE distribution.

Likewise, the incomplete moment (IM) , say Ir (t) =
∫ t

0
yr f (y) dy for the DUSTLBHE is specified as

Ir (t) =
∞∑

i=0

A∗j,k,l

[
2
∫ t

0
yr+le−2φ(i+k+1)ydy + φ

∫ t

0
yr+l+1e−2φ(i+k+1)ydy

]
. (3.10)
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Let z = 2φ (i + k + 1) y⇒ y = z
2φ(i+k+1) and dy = dz

2φ(i+k+1) , given that as y → 0 ⇒ z → 0 and y → t ⇒
z→ 2φ (i + k + 1) t.

Utilising the incomplete gamma integral form, say γ (α, t) =
∫ t

0
zα−1e−zdz, and following the same part

that led to Eq.(3.8) on Eq.(3.10). The IM is specified as

Ir (t) =
∞∑

i=0

A∗jkl

2γ
[
r + l + 1, 2φ (i + k + 1) t

][
2φ (i + k + 1)

]r+l+1 +
φγ

[
r + l + 2, 2φ (i + k + 1) t

][
2φ (i + k + 1)

]r+l+2

 , (3.11)

where γ (·) is the incomplete gamma function. The first incomplete moment of the DUSTLBHE distribu-
tion is derived by inserting r = 1 into Eq.(3.11).

3.2.3. Moment generating function

The moment generating function (MGF) of the DUSTLBHE distribution, say MX (t) is

MY (t) = E
(
etY

)
=

∞∑
r=0

tr

r!

∫ ∞

0
yr f (y) dy =

∞∑
r=0

tr

r!
µ′r. (3.12)

By inserting Eq. (3.8) into Eq. (3.12), the MGF is specified as

MY (t) =
∞∑

r=0

∞∑
i=0

A∗jklt
r

r!

 2Γ (r + l + 1)[
2φ (i + k + 1)

]r+l+1 +
φΓ (r + l + 2)[

2φ (i + k + 1)
]r+l+2

 . (3.13)

3.2.4. Entropy

Entropy measures serve as fundamental tools for quantifying variability and uncertainty within systems.
This study utilizes the Shannon entropy [42], Rényi entropy [38], Havrda-Charvat entropy [25], Arimoto en-
tropy [11], and Tsallis entropy [48] to assess the degree of randomness present in the r.v. of the DUSTLBHE

distribution. The Rényi entropy is defined as

R(y) (λ) =
1

1 − λ
log

∫ ∞

0
f λ (y) dy, λ > 0 and λ , 1, (3.14)

inserting Eq. (2.6) into Eq. (3.14)

R(y) (λ) =
1

1 − λ
log

∫ ∞

0

(
2φη (2 + φy) e−2φy

(e − 1) (1 + φy)3

(
1 − u2

)η−1
e(1−u2)η

)λ
dx, (3.15)

where u = e−φy

1+φy , then following the same paths that led to Eq. (3.8), the Rényi entropy of the DUSTLBHE

distribution is specified as

R(y) (λ) =
1

1 − λ
log

 ∞∑
i=0

A∗∗jkl

 2λΓ (l + 1)[
2φ (i + k + λ)

]l+1 +
φλΓ (l + λ + 1)[

2φ (i + k + λ)
]l+λ+1


 , (3.16)

where A∗∗j,k,l = (2η)λ
∑∞

j,k,l=0 (−1)i+k+l φl+λ

(
λ (η − 1)

i

) (
η j
k

) (
2 (i + k) + 3λ + l − 1

l

)
.

Likewise, the Tsallis entropy defined as T(y) (λ) = 1
λ−1 log

[
1 −

∫ ∞
0

f λ (y) dy
]
, λ , 1, λ > 0 is considered

for the DUSTLBHE distribution and specified as
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T(y) (λ) =
1
λ − 1

log

1 −  ∞∑
i=0

A∗∗jkl

 2λΓ (l + 1)[
2φ (i + k + λ)

]l+1 +
φλΓ (l + λ + 1)[

2φ (i + k + λ)
]l+λ+1


 . (3.17)

The Arimoto entropy defined as A(y) (λ) = λ
1−λ

{[∫ ∞
0

f λ (x) dx
] 1
λ
− 1

}
, λ , 1, λ > 0 is considered for the

DUSTLBHE distribution and specified as

A(y) (λ) =
λ

1 − λ


 ∞∑

i=0

A∗∗jkl

 2λΓ (l + 1)[
2φ (i + k + λ)

]l+1 +
φλΓ (l + λ + 1)[

2φ (i + k + λ)
]l+λ+1




1
λ

− 1

 . (3.18)

The Havrda-Charvat entropy defined as HC(y) (λ) = 1
2(1−λ)−1

{[∫ ∞
0

f λ (y) dy
]
− 1

}
is considered for the

DUSTLBHE distribution and specified as

HC(y) (λ) =
1

2(1−λ) − 1

 ∞∑
i=0

A∗∗jkl

 2λΓ (l + 1)[
2φ (i + k + λ)

]l+1 +
φλΓ (l + λ + 1)[

2φ (i + k + λ)
]l+λ+1


 − 1

 , (3.19)

where Γ (·) is the gamma function. The Shannon entropy, say S (y) (1) = E
{
−

[
log f (y)

]}
is a special case

of the other entropies as λ → 1. Table 3 reports the estimates of the entropies for various order (λ) and
parameter values of the DUSTLBHE distribution.

Figure 4 depicts the graphical forms of the degree of randomness based on each entropy for the
DUSTLBHE model with fixed values of η and φ. The plots support the results presented in Table 3, which
shows that the degree of uncertainty decreases as the order of entropy increases for the DUSTLBHE distri-
bution.

Table 3. Entropies estimates for the DUSTLBHE distribution.

η φ λ S (y) (1) R(y) (λ) T(y) (λ) A(y) (λ) HC(y) (λ)
1.5 1.0 0.5 0.138657 0.46305 0.52104 0.58900 0.62895

0.8 0.138657 0.23063 0.23603 0.23700 0.31747
1.2 0.138657 0.07150 0.07099 0.07100 0.10968
1.5 0.138657 -0.00175 -0.00175 -0.00200 -0.00299
2.0 0.138657 -0.08316 -0.08671 -0.08500 -0.17342

2.0 0.5 0.5 0.925189 1.22949 1.69837 2.41900 2.05012
0.8 0.925189 1.01139 1.12095 1.15100 1.50768
1.2 0.925189 0.86216 0.79193 0.80300 1.22353
1.5 0.925189 0.79325 0.65483 0.69700 1.11786
2.0 0.925189 0.71631 0.51145 0.60200 1.02289

1.0 2.0 0.5 -0.736714 -0.35818 -0.32794 -0.30100 -0.39586
0.8 -0.736714 -0.62725 -0.58950 -0.58100 -0.79288
1.2 -0.736714 -0.81788 -0.88858 -0.87600 -1.37286
1.5 -0.736714 -0.90770 -1.14873 -1.06000 -1.96100
2.0 -0.736714 -1.00920 -1.74341 -1.31300 -3.48683

Table 3 reports the Shannon, Rényi, Tsallis, Arimoto, and Havrda Charvat entropy measures of the
DUSTLBHE distribution for selected parameter values. It is worth noting that the Shannon entropy values
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Figure 4. Entropies plots for the DUSTLBHE distribution.
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can be negative because the entropy computed here corresponds to the differential entropy of a continuous
distribution. Unlike discrete entropy, differential entropy may take negative values when the probability
density function is highly concentrated around certain regions of the support. Thus, the negative entropy
values observed indicate that the distribution becomes highly concentrated, implying lower uncertainty in
the random variable.

The results further show that the Rényi entropy decreases as the parameter λ increases. This behaviour
occurs because larger values of λ increase the decay rate of the distribution, which concentrates probability
mass closer to the origin. As a result, the variability and uncertainty of the distribution decrease. Therefore,
the decreasing pattern of Rényi entropy suggests that larger values of λ correspond to more predictable
outcomes, whereas smaller values allow greater dispersion and uncertainty in the distribution.

3.2.5. Order Statistics

If y1, y2, . . . , yn be a random sample from the DUSTLBHE r.v with xp:n as the order statistics (O.S). The
pdf of the pth O.S, say fp:n (y) is expressed as

fp:n (y) =
1

B (p, n − p + 1)
g (y)

[
G (y)

]p−1 [
1 −G (y)

]n−p , (3.20)

by expanding the last part of Eq. (3.20) using the binomial series expansion (1 − u)β =
∑∞

j=0 (−1) j
(
β

j

)
u j

for |u| < 1, the pdf of the pth O.S is given by

fp:n (y) =
1

B (p, n − p + 1)

n−p∑
i=0

(−1)i
(

n − p
i

) [
G (y)

]p+i−1 g (y) , (3.21)

inserting Eqs. (2.5) and (2.6) into Eq. (3.21), we have

fp:n (y) = 1
B(p,n−p+1)

∑n−p
i=0 (−1)i

(
n − p

i

) [
e(1−u2)η−1

e−1

]p+i−1

×
2φη(2+φy)e−2φy

(e−1)(1+φy)3

(
1 − u2

)η−1
e(1−u2)η .

(3.22)

Then, applying the power series (eu − 1) =
∑∞

i=1
ui

i! and binomial series (1 − u)β =
∑∞

j=0 (−1) j
(
β

j

)
u j for

|u| < 1 expansions to Eq.(3.22). The pth O.S is specified as

fp:n (y) =
(2 + φy)

B (p, n − p + 1)

n−p∑
i=0

A∗∗∗i, j,k,n,m,gyge−2φ(m+n+1)y, (3.23)

where B (·) is the beta function and

A∗∗∗i, j,k,n,m,g = 2η
∑∞

i, j,k,n,m,g=0
(−1)i+ j+n+m+g( j+1)kφg+1

k!(e−1)p+i

(
n − p

i

) (
p + i − 1

j

) (
ηk
n

)

×

(
η − 1

m

) (
m + n + 2 + g

g

)
.
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Inserting p = 1 and p = n in Eq. (3.23), the minimum and maximum order statistics of the DUSTLBHE

distribution are derived, respectively.

4. Estimation for complete samples

Here, the estimator for the DUSTLBHE parameters using uncensored datasets is presented. Let
y1, y2, . . . , yn be the random observed values of size (n) from DUSTLBHE(η, φ), the ML estimates (MLE)
are obtained from the log-likelihood function of Eq. (2.6), specified as

ℓ(η, φ) = n ln(2φη) − n ln(exp−1) +
∑n

i=1 ln(2 + φyi) − 3
∑n

i=1 ln(1 + φyi) − 2φ
∑n

i=1 yi

+(η − 1)
∑n

i=1 ln(1 − u2
i ) +

∑n
i=1[1 − u2

i ]η,
(4.1)

where ui =
exp(−φyi)

1+φyi
.

The partial derivative of Eq. (4.1) with respect to η and φ are given as

∂ℓ

∂η
=

n
η
+

n∑
i=1

ln
(
1 − u2

i

) [
1 +

(
1 − u2

i

)η]
, (4.2)

and

∂ℓ
∂φ
= n
φ
+

∑n
i=1

yi
2+φyi
− 3

∑n
i=1

yi
1+φyi
− 2

∑n
i=1 yi + 2(η − 1)

∑n
i=1

uiyi exp(−φyi)(2+φyi)
(1−u2

i )(1+φyi)2

+2η
∑n

i=1
(1−u2

i )η−1uiyi exp(−φyi)(2+φyi)
(1+φyi)2 .

(4.3)

The ML estimates η̂ML and φ̂ML can be found by solving the non-linear functions simultaneously by equating
Eqs. (4.2) and (4.3) to zero.

5. Simulation

Here, a simulation study is utilized to assess the accuracy and efficiency of the MLE in estimating the
parameters (pa) of the DUSTLBHE distribution. The simulation is carried out as follows:

1. Data are generated using the quantile function in Eq. (2.9).

y =
1
φ

W

 e√
K(p)

 − 1

 ,
where K(p) = 1 − [log(1 + p(e − 1))]1/η.

2. The initial parameter combinations are: (η = 0.5, φ = 0.7), (η = 1.5, φ = 0.9), (η = 2.0, φ = 1.5) and
(η = 1.0, φ = 2.0).

3. The designated sample sizes are n = 25, 75, 150 and 250.
4. Generate 10,000 replicates for each sample size.
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The performance is evaluated through the average estimates (AVEs), bias, and root mean square errors
(RMSEs) for the different sample sizes. The bias and RMSE are computed for Φ̂ = η̂, φ̂, using

ˆBias =
1

10000

10000∑
i=1

(
Φ̂i − Φ

)
,

ˆRMS E =

√√
1

10000

10000∑
i=1

(
Φ̂i − Φ

)2
.

The numerical results presented in Table 4 , show that the bias and RMSE decreases as the sample size
increases for each initial parameter combination. This shows the consistency property of the MLEs.

6. Applicability to Real-World Datasets

This section presents the practical demonstration of the novel DUSTLBHE distribution in modeling real-
world datasets. The performance validation is achieved by analysing three actual datasets to establish its
superiority in comparison to several existing distributions, namely Topp-Leone Burr Hatke exponential
(TLBHE) by [10], alpha power exponential (APE) by [31], Burr Hatke exponential (BHE) by [49], alpha
power Burr Hatke (APBH) by [4], Burr Hatke (BH) by [26], Pareto (PE) by [27], inverse Pareto (IPE) by
[28], Pareto type-I (PE1) by [12], Gompertz (GOM) by [22], Exponentiated Inverse Rayleigh (EIR) by [37],
Lomax (LOMX) by [30] and exponential (E) by [16] distributions utilizing the AdequacyModel package in
R-program software.

For the three datasets, the following performance measures are computed and utilized in selecting the
best performing distribution: negative log-likelihood (−ℓ), Akaike information criteria (AIC), corrected AIC
(cAIC), Bayesian IC (BIC), Hannan Quinn IC (HQIC), Anderson–Darling (ANDL), Cramér–von Mises
(CVMS), and Kolmogorov–Smirnov (KSV) with corresponding p-value (KSPV).

The first real dataset concerns the daily number of confirmed deaths attributed to COVID-19, taken from
the Saudi Ministry of Health, reported by [8]. The recorded observations are as follows: 1.00, 1.00, 2.00,
4.00, 5.00, 1.00, 1.00, 3.00, 6.00, 6.00, 4.00, 1.00, 5.00, 6.00, 6.00, 8.00, 5.00, 7.00, 7.00, 9.00, 9.00,
15.00, 17.00, 11.00, 13.00, 5.00, 14.00, 5.00, 13.00, 9.00, 19.00, 15.00, 11.00, 14.00, 12.00, 11.00, 7.00,
13.00, 10.00, 20.00, 22.00, 21.00, 12.00, 14.00, 9.00, 14.00, 7.00, 16.00, 17.00, 13.00, 21.00, 11.00, 11.00,
8.00, 11.00, 12.00, 15.00, 21.00, 20.00, 18.00, 15.00, 14.00, 21.00, 16.00, 11.00, 28.00, 29.00, 19.00,
14.00, 19.00, 29.00, 34.00, 34.00, 46.00, 46.00, 47.00, 36.00, 38.00, 40.00, 32.00, 39.00, 34.00, 35.00,
36.00, 35.00, 45.00, 62.00. This dataset has been utilized to assess the performance of statistical models
in capturing the variability and distributional characteristics of pandemic-related mortality data. See, [9],
[24]. Figures 5 depict the dataset features using the Box-plot, TTT plot, kernel-density plot, and strip plot.
The plots confirm presents of outliers, right-skewness and increasing failure rate.

Table 5 presents the MLEs with standard errors (SEs) and performance measures for the novel
DUSTLBHE and the competing distributions. The novel DUSTLBHE has the least values for the perfor-
mance measures, especially the KSV with high KSPV, confirming the model offers the best fit to the first
dataset. Figure 6 depicts clear evidence that the novel DUSTLBHE offers the best fit through the empirical
pdf with histogram, empirical cdf, empirical survival, probability-propability (P-P), and quantile-quantile
(Q-Q) plots. Figure 7 depicts the log-likelihood profile plots with the estimated MLE parameter values
for the first dataset. Furthermore, the empirical findings indicate that the novel model fits the first dataset

Modern Journal of Statistics Volume 2, Issue 2, 30–56



44

Table 4. Simulation results for DUSTLBHE distribution.

n Pa AVE Bias RMSE
(η = 0.5, φ = 0.7)

25 η 0.566 0.066 0.196
φ 0.797 0.097 0.286

75 η 0.521 0.021 0.089
φ 0.731 0.031 0.139

150 η 0.510 0.010 0.060
φ 0.714 0.014 0.093

250 η 0.506 0.006 0.046
φ 0.708 0.008 0.071

(η = 1.5, φ = 0.9)
25 η 1.806 0.306 0.863

φ 0.989 0.089 0.273
75 η 1.590 0.090 0.339

φ 0.929 0.029 0.138
150 η 1.543 0.043 0.222

φ 0.913 0.013 0.094
250 η 1.525 0.025 0.168

φ 0.908 0.008 0.072
(η = 2.0, φ = 1.5)

25 η 2.463 0.463 1.309
φ 1.641 0.141 0.434

75 η 2.134 0.134 0.487
φ 1.546 0.046 0.220

150 η 2.064 0.064 0.317
φ 1.521 0.021 0.149

250 η 2.036 0.036 0.238
φ 1.512 0.012 0.114

(η = 1.0, φ = 2.0)
25 η 1.172 0.172 0.491

φ 2.217 0.217 0.662
75 η 1.052 0.052 0.205

φ 2.071 0.071 0.332
150 η 1.025 0.025 0.136

φ 2.033 0.033 0.225
250 η 1.014 0.014 0.103

φ 2.019 0.019 0.172

better based on the likelihood ratio (LR) tests for the novel DUSTLBHE model against likely sub-models as
reported in Table 6.

The second actual-data is on the glass fibre strength originally reported by [43]. The observations are
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Figure 5. Box-plot, TTT, kernel-density, strip, and violin plots for the first dataset.

Table 5. MLE with performance measures for the first dataset.
Distribution η̂ φ̂ −ℓ AIC BIC AICc HQIC CVMS ANDL KSV[KSPV]
DUSTLBHE 1.608 (0.289) 0.027 (0.003) -328.20 660.40 665.30 660.50 662.40 0.07510 0.5658 0.070 [0.80]

TLBHE 1.846 (0.300) 0.024 (0.003) -328.70 661.50 666.40 661.60 663.40 0.07715 0.6200 0.080 [0.60]
APE 9.480 (6.291) 0.094 (0.012) -328.40 660.70 665.70 660.90 662.70 0.10540 0.6715 0.080 [0.60]
BHE - 0.033 (0.004) -336.60 675.10 677.60 675.20 676.10 0.07799 0.6135 0.200 [0.01]

APBH 215.753 (67.933) 0.014 (0.006) -354.00 712.10 717.00 712.20 714.10 0.23271 1.7392 0.300[2E-09]
BH - 0.002 (0.005) -454.90 911.90 914.30 911.90 912.90 0.31777 2.3153 0.700[2E-16]
PE 10.641 (5.418) 167.466 (89.048) -335.30 674.60 679.50 674.70 676.50 0.07615 0.5919 0.200 [0.02]
IPE 3.354 (1.243) 3.008 (1.386) -345.80 695.70 700.60 695.80 697.60 0.35084 2.5132 0.200 [0.01]
PE1 - 0.401 (0.043) -383.50 769.00 771.50 769.10 770.00 - - 0.400[7E-11]

GOM -6.421 (1.870) -0.010 (0.003) -337.20 678.40 683.30 678.50 680.40 0.07598 0.6249 0.200 [0.02]
EIR 0.283 (0.034) 2.204 (0.236) -372.70 749.50 754.40 749.60 751.50 1.34588 8.2608 0.300[2E-06]

LOMX 9.364 (3.407) 0.007 (0.003) -335.50 675.00 680.00 675.20 677.00 0.07601 0.5956 0.200 [0.02]
E - 0.059 (0.006) -333.40 668.90 671.30 668.90 669.90 0.08135 0.5877 0.200 [0.04]
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Figure 6. Fitted density functions (pdfs) plot (a), Fitted distribution function (CDF) plot (b),
Fitted survival function (CDF) plot (c), P-P plot (d), and Q-Q plot (e) for the DUSTLBHE (first
dataset).

Table 6. LR tests for the first dataset

Model Hypotheses LR p-values
DUSTLBHE vs BHE H0 : η = 1 vs H1 : H0 is false 17 4.3E-05
DUSTLBHE vs BH H0 : η = 1 vs H1 : H0 is false 253 4.6E-57
DUSTLBHE vs E H0 : η = 1 vs H1 : H0 is false 10 0.0012

given as follows: 1.014, 1.081, 1.082, 1.185, 1.223, 1.248, 1.267, 1.271, 1.272, 1.275, 1.276, 1.278, 1.286,
1.288, 1.292, 1.304, 1.306, 1.355, 1.361, 1.364, 1.379, 1.409, 1.426, 1.459, 1.460, 1.476, 1.481, 1.484,

Modern Journal of Statistics Volume 2, Issue 2, 30–56



47

Figure 7. Profile log-likelihood functions for the first dataset.

1.501, 1.506, 1.524, 1.526, 1.535, 1.541, 1.568, 1.579, 1.581, 1.591, 1.593, 1.602, 1.666, 1.670, 1.684,
1.691, 1.704, 1.731, 1.735, 1.747, 1.748, 1.757, 1.800, 1.806, 1.867, 1.876, 1.878, 1.910, 1.916, 1.972,
2.012, 2.456, 2.592, 3.197,4.121. This dataset has been extensively analysed and modeled in the literature,
as numerous researchers and scholars have used it to evaluate and compare various statistical distributions.
See, [41], [3]. Figures 8 depict the dataset features using the Box-plot, TTT plot, kernel-density plot, and
strip plot. The plots confirm the presence of outliers, right-skewness, and increasing failure rate.

Table 7 presents the MLE with standard errors (SEs) and performance measures for the novel DUSTLBHE

and the competing distributions. The novel DUSTLBHE has the least values for the performance measures,
especially the KSV with high KSPV, confirming the model offers the best fit to the second dataset. Figure 9
depicts clear evidence that the novel DUSTLBHE offers the best fit through the empirical pdf with histogram,
empirical cdf, empirical survival, probability-propability (P-P), and quantile-quantile (Q-Q) plots. Figure 10
depicts the log-likelihood profile plots with the estimated MLE parameter values for the second dataset.
Furthermore, the empirical findings indicate that the novel model fits the second dataset better based on the
likelihood ratio (LR) tests for the novel DUSTLBHE model against likely sub-models as reported in Table 8.

Table 7. MLE with performance measures for the second dataset.
Distribution η̂ φ̂ −ℓ AIC BIC AICc HQIC CVMS ANDL KSV[KSPV]
DUSTLBHE 506.294(330.081) 1.486 (0.176) -22.56 49.12 53.40 49.32 50.80 0.09778 0.7887 0.068 [0.90]

TLBHE 158.479 (67.582) 1.102 (0.111) -23.06 50.12 54.41 50.32 51.81 0.09927 0.7994 0.120 [0.30]
APE 210.504 (94.628) 1.409 (0.101) -55.68 115.36 119.64 115.56 117.04 0.28052 1.9649 0.320[3E-06]
BHE - 0.326 (0.046) -98.26 198.52 200.66 198.58 199.36 0.27115 1.9038 0.460[6E-13]

APBH 218.336 (90.505) 0.871 (0.098) -63.32 130.65 134.93 130.85 132.33 0.25293 1.7965 0.370[4E-08]
BH - 0.232 (0.078) -113.36 228.73 230.87 228.79 229.57 0.23525 1.6851 0.610[7E-16]
PE 54.283 (53.079) 87.651(86.642) -93.75 191.50 195.79 191.70 193.19 0.29845 2.0668 0.470[3E-13]
IPE 46.522 (33.250) 0.033 (0.02)4 -93.45 190.90 195.18 191.10 192.58 0.12737 0.9961 0.460[6E-13]
PE1 - 2.233 (0.281) -40.61 83.22 85.37 83.29 84.07 0.14311 1.0250 0.320[5E-06]

GOM 0.170 (0.056) 1.051 (0.117) -64.38 132.77 137.05 132.97 134.45 1.18129 6.6991 0.300[2e-05]
EIR 6.753 (1.553) 2.369 (0.128) -24.03 52.06 56.35 52.26 53.75 0.12636 0.9915 0.097 [0.60]

LOMX 43.934 (29.137) 0.014 (0.009) -93.87 191.75 196.03 191.95 193.43 0.29704 2.0585 0.470[3E-13]
E - 0.619 (0.078) -93.22 188.45 190.59 188.51 189.29 0.30458 2.1029 0.470[2e-13]
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Figure 8. Box-plot, TTT, kernel-density, strip, and violin plots for the second dataset.

Table 8. LR tests for the second dataset

Model Hypotheses LR p-values
DUSTLBHE vs BHE H0 : η = 1 vs H1 : H0 is false 151 8.6E-35
DUSTLBHE vs BH H0 : η = 1 vs H1 : H0 is false 182 2.2E-57
DUSTLBHE vs E H0 : η = 1 vs H1 : H0 is false 141 1.4E-12

The third real dataset pertains to the mortality rates of COVID-19 in Italy, recorded over a 59-day period
between 27th February and 27th April 2020, as reported by [7]. The recorded mortality rate observations
are as follows: 4.571, 7.201, 3.606, 8.479, 11.410, 8.961, 10.919, 10.908, 6.503, 18.474, 11.010, 17.337,
16.561, 13.226, 15.137, 8.697, 15.787, 13.333, 11.822, 14.242, 11.273, 14.330, 16.046, 11.950, 10.282,
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Figure 9. Fitted density functions (pdfs) plot (a), Fitted distribution function (CDF) plot (b),
Fitted survival function (CDF) plot (c), P-P plot (d), and Q-Q plot (e) for the DUSTLBHE (second
dataset).

11.775, 10.138, 9.037, 12.396, 10.644, 8.646, 8.905, 8.906, 7.407, 7.445, 7.214, 6.194, 4.640, 5.452, 5.073,
4.416, 4.859, 4.408, 4.639, 3.148, 4.040, 4.253, 4.011, 3.564, 3.827, 3.134, 2.780, 2.881, 3.341, 2.686,
2.814, 2.508, 2.450, 1.518. This dataset reflects the daily progression of COVID-19-related deaths during
the early stages of the pandemic in Italy and has been used to evaluate the performance of probabilistic
models in epidemiological analysis. See, [36, 35]. Figures 11 depict the dataset features using the Box-plot,
TTT plot, kernel-density plot, and strip plot. The plots confirm the presence of no outliers, right-skewness,
and increasing failure rate.

Table 9 presents the MLE with standard errors (SEs) and performance measures for the novel DUSTLBHE
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Figure 10. Profile log-likelihood functions for the second dataset.

and the competing distributions. The novel DUSTLBHE has the least values for the performance measures,
especially the KSV with high KSPV, confirming the model offers the best fit to the third dataset. Figure 12
depicts clear evidence that the novel DUSTLBHE offers the best fit through the empirical pdf with his-
togram, empirical cdf, empirical survival, probability-probability (P-P), and quantile-quantile (Q-Q) plots.
Figure 13 depicts the log-likelihood profile plots with the estimated MLE parameter values for the third
dataset. Furthermore, the empirical findings indicate that the novel model fits the third dataset better based
on the likelihood ratio (LR) tests for the novel DUSTLBHE model against likely sub-models as reported in
Table 10.

Table 9. MLE with performance measures for the third dataset.
Distribution η̂ φ̂ −ℓ AIC BIC AICc HQIC CVMS ANDL KSV [KSPV]
DUSTLBHE 3.824 (1.018) 0.083 (0.012) -168.3 340.6 344.8 340.8 342.2 0.1625 0.9281 0.112 [0.41]

TLBHE 4.197 (1.015) 0.074 (0.011) -168.4 340.8 344.9 341.0 342.4 0.1692 0.9565 0.114 [0.40]
APE 62.460 (46.060) 0.251 (0.027) -169.5 343.1 347.2 343.3 344.7 0.1643 0.9719 0.113 [0.40]
BHE - 0.067 (0.010) -186.2 374.5 376.6 374.6 375.3 0.1650 0.9825 0.254 [0.00]

APBH 921.600 (457.000) 0.080 (0.019 ) -177.0 358.1 362.2 358.3 359.7 0.1711 0.9619 0.185 [0.03]
BH - 0.011 0.015 -245.6 493.2 495.3 493.3 494.0 0.1895 1.0668 0.701 [7.8E-16]
PE 13.080 (7.486) 103.000 (61.060) -184.4 372.8 376.9 373.0 374.4 0.1632 0.9757 0.248 [0.00]
IPE 37.190 (31.010) 0.153 (0.130) -184.6 373.2 377.3 373.4 374.8 0.2282 1.3043 0.264 [0.00]
PE1 - 0.519 (0.068) -211.3 424.5 426.6 424.6 425.3 0.2290 1.3381 0.355 [3.5E-07]

GOM 0.296 (0.126) 0.151 (0.028) -169.6 343.2 347.3 343.4 344.8 0.1626 0.9419 0.113 [0.40]
EIR 0.788 (0.132) 4.318 (0.402) -175.5 355.0 359.1 355.2 356.6 0.2882 1.6951 0.179 [0.04]

LOMX 20.980 (9.577) 0.006 (0.003) -183.8 371.6 375.8 371.8 373.2 0.1662 0.9658 0.245 [0.00]
E - 0.123 (0.016) -182.8 367.7 369.7 367.7 368.5 0.1678 0.9490 0.242 [0.00]

Table 10. LR tests for the third dataset

Model Hypotheses LR p-values
DUSTLBHE vs BHE H0 : η = 1 vs H1 : H0 is false 36 2.1E-09
DUSTLBHE vs BH H0 : η = 1 vs H1 : H0 is false 155 1.7E-35
DUSTLBHE vs E H0 : η = 1 vs H1 : H0 is false 29 7.1E-08
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Figure 11. Box-plot, TTT, kernel-density, strip, and violin plots for the third dataset.

The large parameter estimates in Tables 5, 7, and 9 arise due to the scaling characteristics of the datasets
and the flexibility of the proposed distribution. In particular, the likelihood surface may produce large esti-
mates when the datasets exhibit strong skewness or heavy-tailed behaviour. Additionally, the optimization
procedure converges properly, and the estimates correspond to valid maximum likelihood solutions.

7. Conclusion

This study proposed a new flexible probability distribution known as the DUS-Topp-Leone Burr-Hatke-
Exponential (DUSTLBHE) distribution. The developed model exhibits greater flexibility and wider applica-
bility than the BHE model and several other well-known statistical models, particularly in the medical and
engineering sciences. Several important statistical properties of the DUSTLBHE distribution were derived,
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Figure 12. Fitted density functions (pdfs) plot (a), Fitted distribution function (CDF) plot (b),
Fitted survival function (CDF) plot (c), P-P plot (d), and Q-Q plot (e) for the DUSTLBHE (third
dataset).

including the density function, distribution function, linear representation, asymptotic behaviour, moments,
MGF, and others. Parameter estimation for the model was performed using the maximum likelihood estima-
tion (MLE) method, and a simulation study was conducted to assess the accuracy and efficiency of the MLE.
The usefulness of the new model was illustrated through applications to three real-world datasets from the
medical and engineering domains. The results from the empirical analysis show that the DUSTLBHE dis-
tribution provides better goodness-of-fit performance compared with several competing models according
to standard model selection criteria such as the log-likelihood, AIC, BIC, and others. This indicates that
the DUSTLBHE distribution is capable of effectively capturing complex data characteristics such as strong
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Figure 13. Profile log-likelihood functions for the third dataset.

skewness and heavy tails. The flexibility of the proposed model makes it a promising tool for analysing
lifetime and reliability data arising in epidemiology, public health studies, actuarial science and engineer-
ing reliability analysis. Future research may explore several extensions of the proposed distribution. These
include the development of regression models based on the DUSTLBHE distribution, Bayesian estimation
procedures, multivariate extensions, and applications in survival analysis and reliability modelling. In ad-
dition, simulation studies could be conducted to further investigate the statistical properties and efficiency
of the parameter estimators under different sampling conditions.
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