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1. The Genesis

The study of lifetime distributions is a cornerstone of reliability theory, survival analysis, and demogra-
phy. These models, which describe the time until an event occurs (e.g. failure of a component, death of a
patient), are critical for accurate risk assessment and prediction.

The origin of constructing new and flexible lifetime models often traces back to mixing simpler and well-
established distributions. Lindley [9] pioneered this approach by proposing a distribution as a mixture of
exponential and gamma distributions. This technique provided a new avenue for modeling real-world data
that often exhibit characteristics, such as skewness and varying hazard rates, not adequately captured by
the ubiquitously used exponential distribution. The exponential distribution, while simple, is often limited
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by its assumption of a constant hazard rate (memoryless property), which is unrealistic for many aging or
reliability processes.

Following the seminal work of Lindley’s distribution, the field of continuous probability modeling, par-
ticularly for lifetime data, has inspired a substantial proliferation of new, single-parameter continuous prob-
ability models, all designed to offer greater flexibility and improved fit over classical forms. This extensive
research includes the fundamental Shanker family extensions such as Akash [18], Shanker [19], Shambhu
[23], Aradhana [21], Sujatha [24], Amarenda [20], Devya [22], Rama [26], Rani [27], Akshaya [25], Suja
[28], Om [35], Shukla [38], Komal [30], Pratibha [31], Kamlesh-Rama [36], Shreekant [32], Ishita [33],
Sujit [15], Adya [34], and Uma [29]. Other similar distributions includes Pranav [8], Prakaamy [37],
Iwueze [5], Odoma [10], Juchez [2], Hamza [1], Chris-Jerry [13], Fav-Jerry [3], Doje [14], Emrem [11]
and Updated Lindley [12], all of which are often formulated through mixtures of exponential and gamma
distributions. The central goal behind these diverse structural variations is to generate specialized density
functions that capture different degrees of over-dispersion, kurtosis, and hazard rate shapes, thereby provid-
ing statisticians and engineers with more effective and specialized tools to achieve superior goodness-of-fit
when modeling complex, real-world data across various applied sciences.

The primary advantage of the Lindley distribution and its many extensions lies in offering a more gener-
alized, single-parameter alternative to the exponential distribution. These variants are particularly effective
in describing positively skewed data frequently encountered in survival and reliability problems, providing
a less restrictive, non-constant (e.g., bathtub-shaped, or first increasing then decreasing) hazard function.
Furthermore, some variants are ingeniously paired with discrete models, such as the Poisson, to generate
count distributions (e.g., the Poisson-Lindley), thereby extending their utility to modeling discrete data.

2. The Proposed Obulezi Distribution: Motivation and Contribution

While the exponential and its single-parameter extensions have expanded the toolkit for modeling life-
time data, empirical observations continue to reveal datasets with unique tail behaviors and complex hazard
rate patterns that existing models struggle to fit optimally. The continued development of new distributions
is motivated by the necessity to find models that are both parsimonious (few parameters) and flexible (good
fit to diverse data structures) to achieve superior model performance and predictive accuracy. Specifically,
datasets exhibiting extremely heavy right-skewness or complex risk profiles (i.e., non-monotonic hazard
rates) often demand novel distributions.

In this study, we propose a novel distribution to model lifetime events, which we refer to as the Obulezi
distribution. This new model is developed as a contribution to the body of single-parameter lifetime distri-
butions, aiming to provide a more accurate and robust fit for specific types of data where established models
like Lindley and Shanker may be sub-optimal. The introduction of the Obulezi distribution is justified by
its potential to offer a superior performance, as will be demonstrated through detailed analytical proper-
ties and application to real-world data. We will thoroughly investigate its statistical properties, including
moments, entropy, and reliability measures, before demonstrating its practical utility through comparative
model fitting against established competitors.

A non-negative real-valued random variable X is said to follow Obulezi distribution with parameter
p > 0, if its cumulative distribution function (CDF) is given as;

p’x

03 +2

R(x)=1- (1 + )e‘px; x> 0. 2.1
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The corresponding probability density function (PDF) to Equation (2.1) is given by;

3 3 ) e—pX
r(x) (p x+p’ —p 2) ‘3

where x is a continuous random variable, hence we write X ~Obulezi(p). The PDF in Equation (2.2) is of
the form;

x>0, 2.2)

2 3_ 2
H(x) = ( P ) (pzxe_p") + (’Lﬂ) (pe™)
NE— —_———

P’ +2 pP+2
W Gamma(2,p) PDF ﬂ/—’ Exponential(p) PDF
1 2

with the mixing proportions W; and W, such that W; + W, = 1. The Gamma(2, p) distribution (also
called Erlang(2, p)) describes the waiting time until the second event in a Poisson process with rate p.
The Exponential(p) distribution describes the waiting time until the first event in the same process.

The next is the hazard function, which quantifies the instantaneous potential for an event (such as death,
failure, or recovery) to occur at time x, given that the event has not occurred before time x. It represents
the instantaneous rate of failure at time x, analogous to a risk rate” or ’force of mortality.” While the PDF,
r(x), is a measure of the unconditional probability of an event around time x, the hazard function A(x) is a
measure of the conditional probability. More formally, for a small time interval Ax, the hazard function can
be approximated by:

P(x< X < x+Ax|X > x) _p(p3x+p3—p2+2)

h(x) =
@) Ax Px+p3+2

b

where T is the random variable that represents the time until the event. The profile of the hazard function
Theorem 1 (Hazard function profile). The hazard function h(t) profile is summarized thus;

P(°—p*+2)

limh(o) = 2 v

. (2.3)
lim A(x) = p
Equation (2.3) implies that;
(i) The hazard rate is bounded and approaches a constant value p as time goes to infinity.

(i1) This suggests a long-term risk that stabilizes at the value of the parameter p.

Corollary 1 (The shape or monotonicity). A'(x) > 0 V,x > 0. This implies that the hazard function is
strictly increasing for all time x.

Corollary 2 (Sensitivity of the profile to the parameter, p). Since p is the only parameter controlling the
shape, it dictates the entire risk profile.

1. Long-Term Hazard Rate: h(oo) = p.

2. Initial Hazard Rate: h(0) = p—(p;fzzﬂ)-
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Table 1. Impact of p on Starting and Limiting Risk

Behavior of p
Small p (p — 0%)
Large p (p — )

Impact on /(o)
h(c0) = 0

h(co) — oo

Impact on 1(0)
00-072) _
h(0) — 70”* =0

4_ 3 4
: pp’+2p P
h(0) = lim, o, 22 ~ &

Risk Interpretation
Both initial and long-term risk approach zero. The event is very rare.

= oo | Both initial and long-term risk become very high, indicating an event occurs quickly.

The parameter p is a scale and severity parameter for the entire process. Increasing p proportionally
increases both immediate and eventual risk levels. While #’(f) > O is established, studying the second
derivative, h”(t), is necessary to understand the rate at which the hazard function is increasing (i.e., its
convexity or concavity).

The second derivative of i’(x) is

0f

Hx) = Ex+p> +2)*
-20°

h//(t) — p

(P3x +p3 +2)3

Corollary 3 (Analysis of curvature). Since p > 0, the numerator —2p° is always negative. The denominator
(0> x+p>+2)* is always positive for p, x > 0. Therefore, h’’(x) < 0 for all x > 0. A negative second derivative
means the hazard function is strictly concave. This indicates that while the risk is always increasing, the
rate of increase slows down over time. The process of deterioration or aging is most rapid initially and
plateaus as the function approaches its asymptote, h(co) = p.

This analysis provides a complete picture of the hazard profile, revealing it is a concave, monotonically
increasing function bounded between £(0) and p.
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Figure 1. (a) PDF (b) Hazard function (c) CDF of Obulezi(p) distribution

o

The Obulezi(p) distribution plots, Figure 1(a), (b), and (c), demonstrate that the PDF is sharply right-
skewed, peaking at x = 0, indicating that events are highly likely early in the process. The parameter p acts
as a scale factor: a larger p causes a steeper PDF decay, signifying a smaller mean and lower variability,
while a smaller p results in a slower decay and a larger mean. Concurrently, the Hazard Function (Fig-
ure 1(b)) exhibits an Increasing Failure Rate (IFR) as A(x) rises with x, suggesting a wear-out phenomenon
where risk accumulates over time. Similar to the PDF, a larger p consistently leads to a higher overall level

Modern Journal of Statistics Volume 2, Issue 1, 32-74



36

of instantaneous risk, even though the total range of hazard values remains quite narrow. The CDF plots
(Figure 1(c)) confirm that p acts as the inverse-scale parameter for the Obulezi distribution. A larger p
results in a much steeper curve, indicating that probability mass accumulates quickly, signifying a high
likelihood of early events and, consequently, a smaller mean. Conversely, a smaller p leads to a shallower,
stretched curve, suggesting a greater chance of later events and a larger mean for the distribution.

3. Statistical Properties

In this section, we study the properties of the proposed Obulezi distribution with the hope of demon-
strating its tractability and appeal for use in modeling lifetime datasets.

3.1. Quantile function

The quantile function, Q(u), is given by;

pP+2 1 _[p*P+2 42

Q) = -——=—= - -W|=—==(U-we 7 |; ueUQ,1), (3.1)
PP |

where W(-) is the principal branch of the Lambert W function.

3.2. The Mode

To find the Mode of the PDF, r(x), we need to find the value of x > O that maximizes r(x). This is done
by taking the first derivative of In(r(x)) with respect to x and setting it to zero. That is;

Inr(x) =In (p3/-)|- 2) +In (p3x +p° —pt+ 2) — pXx.
Let K = p%rz (a positive constant) and C = p* — p? + 2 (a constant term). The PDF can be written as
r(x) = K(p*x + C)e™*~.

Inr(x) = InK + In(p*x + C) — px.

Next, find the first derivative with respect to x:

d | ( ) p3 2 p2 _ p3 -2
—Inr(x) = -p; X=—)0".
dx px+C P 03
Since x must be greater than 0 (x > 0) for the mode to exist within the domain, we require 2p*>—p>—2 > 0.

If 2p% — p* — 2 < 0, the mode occurs at the boundary x = 0, as % In r(x) will be negative for all x > 0.
The mode of the Obulezi distribution is:
W2 o2 3250

Mode = p .
0; if2p* —p*-2<0

3.3. Moment Generating Function

The Moment Generating Function is defined as Mx(¢) = E(e'X) = fooo e”*r(x)dx.

pe*

dx P f [(p3 —p* 4+ 2)eP 4 p3xe(’_“’)x] dx.
0

M (f) = tx (3 + 3 2+2 —
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We use the standard integral results: 1. fooo e “dx = é fora > 0. 2. fooo xe dx = ,%z fora > 0.
The integrals converge only if t —p < 0,0rt < p. Leta =p — 1.

p @ =-p+2p-0+p’
pP+2 (p—1? '

Mx(1) =
3.4. Complete Moment
The k-th complete moment is y, = E(X*) = fom 2 r(x)dx.

o
03 +2

Hy = f X [(p3 —p? +2)e " +p3xe_p"] dx = O —p* + 2)f e Pdx + p? f xk“e_p"dx]
0 0 0

03 +2

r

Using the Gamma function integral fooo xX'e™*dx = i’f:ll), we seta = p.

T(k+1) ,T(k+2)

Y 3 2
(o =p~+2) O tp o2

p3+2
SinceI'(k +2) = (k+ DI'(k + 1),

Hy =

I'(k+1)

y,’c:m[p3—p2+k+3].

The mean (first moment, k = 1) is u = p:

__I®e 3_ 2
'u_pl(p3+2) p+4].

[p3—p2+1+3]:}ﬁ[p

Table 2. Comparative Summary of Some One-Parameter Distributions

Distribution f(x,p) EX) h(x)

Obulezi (p3x +p3 —p?+ 2) £ ijz " j(;f:f Decreasing or Unimodal
Lindley %(1 + x)e P* pp(p?l) Increasing or Bathtub
Shanker pf—il(p + x)e P> p(gff 5 | Increasing

Xgamma p%zl (1 + gxz) e P> pZ:fl) Decreasing or Unimodal
Updated Lindley | 5-55(4 + P x%)eP* 3(;?23) Decreasing or Bathtub/Unimodal
Chris-Jerry p’%(l + px2)e P~ pp(pfz) Unimodal (Inverted Bathtub)
Fav-Jerry lﬁ@ + pPx)er* 2((;’2:;; Decreasing or Unimodal
Pranav s (p4 + %) eP¥ p’éﬁg) Bathtub or Unimodal

Rani p4f2 - (p4 + %) e P~ pp(: 132) Bathtub or Unimodal

Doje = £ (p6 + %) er* pp(;:i%g) Bathtub or Unimodal

Table 2 contains a comparison of some one-parameter distribution.
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3.5. Incomplete Moment

The k-th incomplete moment is I;(f) = E(X¥|X < t) = fot xr(x)dx.

! A
(0 -p*+ 2)f e dx + p’ f kae_pxdx]
0 0

Using the lower incomplete Gamma function y(n, z) = foz "le7'dt, we have fot x'e Prdx =

!
__ Pk 3 2 —px | 3. —px __P
Ik(t)—p3+2f0xk[(p -p +2)ep+pxep]dx—p3+2

y(n+1,pt)
pn+l

(0) = g [0 =0+ 20tk Lpn) + py (ke + 2. 1)

3.6. Mean Residual Life Function
The Mean Residual Life function is MRL(x) = E(X — x|X > x) = ﬁ fx =S (ndt.

00 00 3 00 3 00
_ PN oy, . P .
fx S(ndt = fx (1 + P 2)e Pldt = fx e Pdt + 2fx te 'dt

P>+
Using the standard integral results f " emidr = << and f " tematdy = £,
X a X

a2

P
-+ +1
3 +2 0? +2(px )

= w3 e P(px+ 1 1
f Sdr=— 4 L ¢ bx+ D _ e“”‘[ 3
x P p P

03+2

3 343
p°x —px PP x+p°+2
(1 to )e pP+2

1 00 e P |14 L(px +1) 14 plox+1)
MRL() = 55 f S(t)dt = b+ # [

3+2+p% (px+1)
MRL(x) SRS Pt 2+pxtpl a2 pPx+p’ +p*+2
X) = = . — )
pix+p’+2 p(P*+2) PPx+p3+2  pEx+p3+2)

p3+2

3.7. Order statistics

Let X, X5, ..., X, be a random sample from the Obulezi distribution, and X(;, < X, < ... < X, be the
corresponding order statistics.

The PDF of the j-th order statistic X; is:

n!

= G )

[RCOV S (01" r ().

Substituting the functions:

n! pox - pox i pe P
W)= 11+ -1+ (ot - o742
71 (j—l)!(n—j)![ ( p3+2)e ] p+2)° e’ =" +2) s
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3.8. Stochastic Ordering

A random variable X is said to be smaller than a random variable Y in the stochastic order (denoted
X <g Y)if Sx(x) < Sy(x) for all x. Since the Obulezi distribution has a single parameter p, we compare
X, and X,,.

Let S, (x) = ( + ‘;fz)e ~P*'We examine

asp(x)

aS 3
p(x) — ﬁ e—px 1 + p X
op op

Using the product rule, u'v + uv’:

3

= (—xe_px)(l + f_:c )+e‘pxi(1 + 22 )
P ‘

The derivative term is:

0 ( p’x ) _ ., X0+ -p'CpY) _ 30+ 60730 6px

ap\p? +2 (0? + 272 BRI R P 5
Substituting back:
08 ,(x) R PPx+p>+2 g 6p%x
op 03 +2 (03 +2)?
xe P*
s [—(p3 +2)(’x+p° +2) + 6p2]

xe P*

Since p, x > 0, S

> 0. The sign is determined by the bracketed term:

—(0° +2)(P°x+p° +2)+6p°

For small x, T ~ —(0® + 2)(p* + 2) + 6p? = —(0® + 4p> + 4) + 6p. The sign of T is generally negative for
typical p values. For example, if p = 1,7 = =3(3 + x) + 6 = —3x — 3, which is negative. If 7 < 0 for all x,
then asgp(x) <0.

If p1 > p», then S, (x) < §,,(x), which implies X, <, X,,. The Obulezi distribution is stochastically

ordered with respect to its parameter p.

3.9. Rényi Entropy
The Rényi entropy is defined as H; = - log ( fow[r(x)]‘sdx) for 6 # 1.

oy \O
[r()c)]‘5=((p3ﬁ/03 —p” +2) pe™ ) =(

o
P +2 ) (o p? p+2)6'

p3+2

The integral fooo[r(x)]‘sdx does not simplify to a closed-form expression.
Therefore, the Rényi entropy is not in a closed form and requires numerical integration.
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3.10. Extropy
The Extropy is defined as J = —1 Ooo[r(x)]zdx.

(I ’
f ( P ) e (p3x +p —p°+ 2)2 dx
0

J=—
2 0 +2
1 2 oo
J= ——( 7 ) [ e [0t 2000 - 420+ =+ 27
2 P +2 0
2 00 0 “

Using fooo x"e™dx = 25 with a = 2p:

(p3 _p2 +2)2

3.11. Stress-Strength Reliability
The stress-strength reliability is Rg7 = P(S < T) = fooo rs(x)Rr(x)dx, where S and T are independent

random variables from the Obulezi distribution with parameters p; and p,, respectively.

RS’T:f T, (X)S p, (X)dx
0

oo - 3

pre pyx

RS’T:f [p3x+p3—p2+2 (1+ )epz’C
0 ( : : ! )p';’+2 p§+2

p1 1 ® .
—_ f e~ 01+p2) (pfx +p] —pt+ 2) (pgx +p5 + 2) dx
0

dx

Let A = p; + p». The integral is of the form fooo Y (Ax + B)(Cx + D)dx, where A = p3, B = p} — p] + 2,

C=pj,and D = pj +2.

f e “(ACx* + (AD + BC)x + BD)dx
0

= ACF/E—? + (AD + BC)%? + BD%

2AC AD+ BC BD
= + + —
A3 A2 A
Substituting A, B, C, D, A back will yield the closed-form expression for Rs 1
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4. Estimation and Computational Details

This section explores fifteen distinct non-Bayesian estimation methods for determining the unknown pa-
rameter p of the Obulezi distribution. These methods are broadly classified into likelihood-based, distance-
based, and spacing-based approaches. They include the Maximum Likelihood (MLE), Anderson-Darling
(ADE), Cramér-von Mises (CVME), Maximum Product of Spacings (MPSE), Ordinary Least Squares
(OLSE), Right-Tail Anderson-Darling (RTADE), Weighted Least Squares (WLSE), Left-Tail Anderson-
Darling (LTADE), Minimum Spacing Absolute Distance (MSADE), Minimum Spacing Absolute-Log
Distance (MSALDE), Anderson-Darling Second-Order Left-Tail (ADSOE), Kolmogorov (KE), Minimum
Spacing Square Distance (MSSDE), Minimum Spacing Squared-Log Distance (MSSLDE), and Minimum
Spacing Linex Distance (MSLNDE) estimators. The objective functions for each approach are detailed
below.

4.1. Maximum Likelihood Estimation (MLE)

The Maximum Likelihood method, whose foundations were established by [6] and [7], is widely used
due to its favorable asymptotic properties, such as consistency and asymptotic normality. The estimator p
is the value that maximizes the log-likelihood function ¢(p|x). Given a random sample x, ..., x, of size n
from the Obulezi distribution with PDF r(x; p), the likelihood function £L(p) is:

n n e_pxi

L(plx) = n r(x;p) = l_[ [(p3x,~ +p —p*+ 2) ;)3 |-

i=1 i=1
The log-likelihood function, £(p[x) = In(L(p[x)), is:

£(plx) = nln(p) — nln(p’ +2) + anln(/fx,- +p°—p* +2) —pZn:xi.
i=1 i=1

The Maximum Likelihood Estimator (0) is the value that maximizes {(p|x), which is achieved by numer-
ically minimizing the negative log-likelihood function, —{(p|x). The estimation equation, found by setting
the partial derivative with respect to p to zero, is:

or o

8,0 (9 nln(p) — nln(p’ +2)+Zlnpxl+p p+2 pr, =

ot n  3np? Z 3p%x; +3p> - 2p Z": 0
—=—-- x; = 0.
o p p3+2 Pxi+pd—pr+2 p—

4.2. Anderson-Darling Estimation (ADE)

The ADE approach minimizes a weighted statistic, A(p), which measures the discrepancy between the
theoretical CDF R(x) and the empirical CDF, placing greater weight on the tails. The estimate p is derived
by numerically minimizing the Anderson-Darling statistic, A(p):

Alp) = -n— % ;(21' = 1) [log R(x;:) +10g S (Xu-isrn)]
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where x;., are the order statistics, R(x) is the Obulezi CDF, and S(x) = 1 — R(x) is the Obulezi survival
function.

4.3. Cramér-von Mises Estimation (CVME)

The CVME approach minimizes a criterion sensitive to discrepancies across the entire distribution range.
The parameter p is obtained by numerically minimizing the Cramér-von Mises statistic, C(p):

n

R(xi:n) -

21‘—1]2

1
)=, + n

i=1

4.4. Ordinary Least Squares Estimation (OLSE)

The OLSE technique minimizes the sum of squared differences between the theoretical CDF R(x;.,)
and the plotting position ﬁ The parameter p is estimated by numerically minimizing the Ordinary Least
Squares statistic, V(p):

n . 2

Vi) = )[R - ——

i=1

4.5. Right-Tail Anderson-Darling Estimation (RTADE)

The RTADE method prioritizes goodness-of-fit in the upper (right) tail. The parameter p is found by
numerically minimizing the RTADE statistic, R(p):

n

X 1
R(p) = 5 =2 ) R(xin) =~ ) (2i = ) log S (xi,).
i=1

i=1

4.6. Weighted Least Squares Estimation (WLSE)

The WLSE method uses weights to reduce the influence of extreme observations. The parameter estimate
p is derived by numerically minimizing the Weighted Least Squares statistic, W(p):

2

n—i+1) n+1

n 2 .
W(p) = Z w R(x;,) — v
i=1

4.7. Left-Tail Anderson-Darling Estimation (LTADE)

The LTADE method focuses on optimizing the fit in the lower (left) tail. The parameter p is estimated
by numerically minimizing the LTADE statistic, L(p):

L(p) = —%n +2 Z R(x;y) — % Z(Zi — 1) log R(xi.p).
i=1

i=1

Modern Journal of Statistics Volume 2, Issue 1, 32-74



43

4.8. Anderson-Darling Second-Order Left-Tail (ADSOE)

This method penalizes a poor fit near the origin. The parameter p is estimated by numerically minimizing
the ADSOE statistic, LTS (0):

(21 - 1)
R(x;)

LTS (p) =2 Z log R(x;.,) +

i=1

4.9. Kolmogorov Estimation (KE)

The Kolmogorov method minimizes the maximum absolute distance (supremum norm). The parameter
p is estimated by numerically minimizing the Kolmogorov statistic, KM(p):

1<i<n

KM(p) = MAX [— — RO, R(xon) — 71]

4.10. Maximum Product of Spacings Estimation (MPSE)

The MPSE method minimizes the negative log-product of spacings. The parameter p is found by numer-
ically minimizing the negative log-product of spacings, 6(p):

n+1

6(p) = ~—— Z log Ii(p),
where I; = R(x;.,) — R(x;_1.,), wWith R(x¢.,) = 0 and R(x,11.,) = 1.

4.11. Minimum Spacing Absolute Distance (MSADE)

The MSADE approach minimizes the L;-norm between observed spacings and their expected value. The
MSADE statistic, £, is numerically minimized to find p:

n+l

(o) =) |Ii-

i=1

n+1"

4.12. Minimum Spacing Absolute-Log Distance (MSALDE)

The MSALDE method minimizes the absolute difference of the log-spacings from the log-expected
spacing. The parameter p is estimated by numerically minimizing the MSALDE statistic, 71":

n+1

T) = )

i=1

1
log I; — log 1l
n

4.13. Minimum Spacing Square Distance (MSSDE)

The MSSDE method minimizes the L,-norm (sum of squared differences) between the observed spacings
and their expected value. The parameter p is estimated by numerically minimizing the MSSDE statistic, ¢:

n+1 1 2
¢(p>=Z(L—n+l) :

i=1
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4.14. Minimum Spacing Squared-Log Distance (MSSLDE)

The MSSLDE approach minimizes the squared differences of the log-transformed spacings. The param-
eter p is derived by numerically minimizing the MSSLDE statistic, ‘P:

n+1

1 2
¥(p) = Z(logli—logn_l_ 1) .

i=1

4.15. Minimum Spacing Linex Distance (MSLNDE)

The MSLNDE technique employs an asymmetric Linex-type loss function. The parameter p is estimated
by numerically minimizing the MSLNDE statistic, 4:

n+1 | 1
_ Ii-w7 _ 7. _ _
A(p)—Z[e (1, n+1) 1].

i=1

4.16. Computational and Convergence Diagnostics Algorithm

Since the estimating equations for all methods lack closed-form solutions, the parameter estimate p must
be obtained via numerical optimization subject to the constraint p > 0. For smooth and differentiable objec-
tive functions (MLE, ADE, CVME, OLSE, MPSE, etc.), the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
quasi-Newton method or its bounded version (L-BFGS-B) is utilized to find the minimum (or maximum, in
the case of log-likelihood). For non-differentiable objectives, specifically the Kolmogorov (KE), MSADE,
and MSALDE estimators, the robust Nelder-Mead simplex algorithm is preferred. To ensure global con-
vergence and stability, a grid search over a feasible range of p is used to determine a robust starting value
(po). Convergence is declared successful when the relative change in the objective function value between
successive iterations is less than a prescribed tolerance, typically 107, and the optimization routine returns
a status code indicating a successful search.

5. Simulation

This section evaluates the efficacy of several estimation techniques for the single parameter, p, of the
Obulezi distribution using simulated data. We generated random datasets for various sample sizes (n =
15,50, 120, 180, 250, and 350) using the model’s quantile function in Equation (3.1). The primary objective
is to assess the accuracy, precision, and computing efficiency of each estimation method. By conducting a
comprehensive examination across diverse sample sizes, we aim to identify the most reliable and suitable
estimation approach for the Obulezi distribution in various real-world contexts. The effectiveness of each
methodology is evaluated using criteria such as:

Bias : Bias(p)l =+ X2, 0 — pl.

Mean Squared Errors : MSE = % 221@— 0)%,

Mean Relative Errors : MRE = % >2 o - pl/ps

Average Absolute Difference : D = HLD Zgl 21 IR(xijlp) — R(x; o),
Maximum Absolute Difference : Do = % fll mja_lx IR(x;jlp) — R(x;;lp)l,
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Algorithm 1 Numerical Estimation Algorithm for p of the Obulezi Distribution

Require: Random sample x = {x,...

, X,}; Objective function Q(p); Tolerance T = 107%; Constraint p > 0.

Ensure: Parameter estimate p; Success flag.

1:

(NS T S I S T NS T S R S N S e e T e e e
I N 2 T TN VI N VI S

R A A i

Grid Search for Initial Value (p):

Define a grid of initial candidates pgria C (Omins Pmax)-

Calculate Q(p") for all p € pgig.

po < arg mil’lpq)epgrid Q).

PO — po.

Select Optimization Method:

if O(p) is differentiable (e.g., MLE, ADE, CVME, MPSE) then
Method <« BFGS or L-BFGS-B (Bounded Quasi-Newton)

else {For non-differentiable Q(p) (e.g., KE, MSADE, MSALDE)}
Method < Nelder-Mead (Simplex Method)

. end if

: Execute Numerical Optimization:
k0

: repeat

Compute next estimate p**1 using Method on Q(p).

Enforce Constraint: If p**1 < 0, adjust to a small positive value €.

Ak+1)\_ ¢ Atk
Check Convergence: ConvCheck « %

k—k+1

. until ConvCheck < 7 OR Max Iterations Reached
. Final Diagnostics:
. if ConvCheck < 7 AND Optimizer Status = Success then

p i
Flag < Successful Convergence

. else

p < NULL
Flag « Failure

. end if
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The plot, Figure 6, is a partial rank heatmap showing the performance of fifteen estimation methods
across five metrics for the Obulezi distribution, repeated over six different sample sizes (n) for simulation
case 3. The color intensity indicates rank, where lighter colors (yellow/peach) represent better perfor-
mance (Rank 1) and darker colors (purple/black) represent worse performance (highest rank). The heatmap
demonstrates that, generally, the estimation methods’ performance tends to improve (lighter ranks) as the
sample size (n) increases, particularly for the parameter-dependent metrics, while some GoF methods (like
D,ps and Dy,.«) show less consistent ranking improvement.

The core finding from both the detailed simulation measures (Table 3) and the calculated partial and
overall ranks (Table 4) is the superior performance of the MLE and the MPSE. Across all sample sizes
(n = 15 to n = 350), the MLE method consistently achieves the lowest sum of ranks, securing the first rank
({1}) for the vast majority of individual metrics (Bias, MSE, MRE, D,y, and D,,.x) and across the board in
the final overall }; Ranks. The only consistent exception is at n = 120 where the MPSE slightly outperforms
the MLE and takes the overall first rank. The second-best overall performance alternates primarily between
MPSE and the ADE, with MPSE generally placing second or third in the aggregate ranking. The WLSE also
shows competitive results, often placing in the top five. As the sample size (n) increases, the performance
of the estimators improves across all metrics, with values for Bias and MSE decreasing substantially, which
is expected. However, the relative ranking of the methods remains largely stable, affirming the robustness
of the MLE and MPSE methods for estimating the parameter p.

Conversely, methods such as the RTADE, the KE, and the ADSOE consistently show the poorest per-
formance, occupying the highest rank sums (ranks {13}, {14}, and {15}) across all sample sizes and metrics.
The plots in Figures 2, 3, 4 and 5 align perfectly with the above discussion.
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Figure 2. Graphical representations for the Bias values presented in Table 3.
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Figure 6. Partial Rank Heatmap for Simulation 3.

The plot, Figure 11, is a partial rank heatmap comparing fifteen estimation methods across five met-
rics for the Obulezi distribution at six different sample sizes (n) for simulation case 5. Lighter col-
ors (yellow/peach) represent Rank 1 (best performance), while darker colors (purple/black) represent the
worst rank. Performance generally improves (lighter ranks) as the sample size (n) increases, although the
goodness-of-fit metrics (D,ys and Dy« ) show less change than the parameter-dependent metrics.

The simulation results in Tables 5 and 6 clearly establish a group of superior performers among the
estimators. The MPSE and the MLE dominate the overall ranking, with the MPSE slightly outperforming
the MLE across most sample sizes (n = 120, 180,250), and the MLE excelling at the largest and smallest
samples (n = 15 and n = 350). Both consistently occupy the first or second rank in the aggregate ), Ranks.
This indicates that, for p = 2.50, these two estimators are the most precise and accurate options overall. A
third strong contender is the MSSLDE. This method consistently achieves a top-three overall rank, which is
particularly notable for n = 15 and n = 50 and again at n = 350, where it places second overall. The ADE
and the WLSE round out the top five, demonstrating good, though less consistent, performance across the
increasing sample sizes. As the sample size (n) increases from 15 to 350, the values of all metrics—|Bias(p)|,
MSE(p), MRE(p), Dy, and Dp,—systematically decrease for all estimation methods. This confirms the
desired property of consistency, meaning the estimators become more accurate and precise as more data
is available. Crucially, while the performance itself improves with n, the general relative ranking of the
estimators remains remarkably stable, with the same few methods consistently grouping at the top and the
bottom.

Conversely, several estimation methods perform poorly regardless of sample size. The RTADE and the
KE consistently yield the highest values for all metrics, resulting in the worst overall aggregate rank (ranks
{14} and {15}) across all sample sizes, suggesting they are the least reliable methods for this distribution and
parameter value. The plots in Figures 7, 8, 10 and 9 align perfectly with the results in Tables 5 and 6.
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Table 3. Numerical values of simulation measures for p = 1.75.

n  Metic MLE  ADE CVME MPSE OLSE RTADE WLSE LTADE MSADE MSALDE ADSOE KE MSSDE MSSLDE MSLNDE
|Bias|(p) 03509 0.3695% 0.3873%" 0.3692% 038987 1.4679'"F 0.3730% 04065 0440402 04089°  1.6868" 17490 0.43041% 038751  0.432710
MSE (p) 02073 022385 02477 0.2083% 0.24787 2.170513 0.2331% 0.3097"% 03061 0.2526%1  21.4004150 3.0590" 02873 0.24408"  0.290910

|5 MRE() 02005 0.2112% 022139 02109 022277 0.8388"3 0.2131¢ 0.2323®  0.25171% 0.2336°  0.9639!"  0.9994(15) 02459110 02214161 (2472011
Dubs 0.0560""  0.0597% 0.0622' 0.0607" 0.0630"" 0.3298"4 0.0601%" 0.0640®  0.0705"% 0.0678°"  0.1048"  0.4988) 0.0716!") 0.06225" 0.07201%
Dynax 0.0811"  0.0864% 0.0899 0.0888" 0.0910" 0.5284"4 0.0872C" 0.0928%®  0.1047"% 0.0979°  0.1682"3  0.94245) 0.10401" 0.0908  0.1046!"")
YRanks 5! 13 279 148 350 6713 184 448 5712 448 6914 7409 5010 2810 55Un
|Bias|(p) 0.13921 0.1507% 0.1582%" 0.1520% 0.1594% 1.5109" 0.1517% 0.1763®)  0.18190% 0.1766" 033831 174903 0.243101 0.17337  0.24511%
MSE (5) 0.0296 0.0363% 0.0425° 0.0336% 0.042901 22850 0.0379% 0.0526!"% 0.0506® 0.0466'" 045123 3,050005 0.0946!""  0.04327  0.0963!'?

50 MRE () 0.0795! 0.0861% 0.0904% 0.0874“ 0.0911¢ 08634 0.0867% 0.1007%  0.1039"% 0.1009”"  0.1933!3  0.999415h 0.1389""  0.09907  0.1400!"?
Do 0.0229'" 0.0250% 0.02625  0.0255%  0.0265' 0.3438"  0.0251% 0.02918  0.0304'9 0.0296""  0.0476!"%  0.5036!" 0.04001"" 0.02877  0.0404!12
Dinax 0.03401"  0.0368% 0.0385" 0.0379% 0.0389'9 0.5624" 0.0370%" 0.0428%  0.045110 0.0438%  0.0712"%  0.9786!" 0.0597"'" 0.0426"  0.0601!'2
YRanks 5! 1% 251 184 30!0) 7014 16% 428 491100 440 6513 75131 55t 3507 6012
|Bias|(p) 0.1056" 0.1117% 0.1178¢ 0.1034" 0.11917 1.5169" 0.1114% 0.13251 0.1195® 0.1171%0 0239113 1.7490"5 0.1520"" 0.1226"  0.15230%
MSE () 0.0176% 0.0201% 0.02239 0.0170" 0.0226'® 23019 0.0195% 0.0278"% 0.0219""  0.02237  0.1349'3  3.0590" 0033311 0.0227%  0.0335!12

10 MRE () 0.0603% 0.0639% 006739 0.0591" 006817 0.8668" 0.0637% 0.0757"0 0.0683® 00669  0.1366!") 0999415 00868 0.0701%  0.0870!"?
Dips 0.0174% 0.0185% 0.01949 0.0171" 0.01967 03427 0.0183% 0.0217"% 0.0197® 0.0194°"  0.03643 04976 0.0251"0 0.0202¢  0.0252112
Dinax 0.0258%  0.0273%  0.0288'9 0.02551" 0.02917 0.5675!"  0.0272%0  0.032311%  0.0293®  0.0288°"  0.0544!3  0.9877! 0037310 0.0301¢  0.0374112
YRanks 10 201 30/0) 5t 367 70114 159 501100 378 279 6513 7519 5511 4519 60112
|Bias|(p)  0.0751'" 0.0835% 0.08977 0.0774% 0.0896' 1.518214 0.0844¥ 0.1018"  0.10470% 0.0922%  0.1530"%  1.7490"5 0.1263"7 0.0876"  0.1268"%
MSE () 0.0088" 0.0100%" 0.0115% 0.0092% 0.0115 23059 0.0102% 0.0150°" 0.0158""0 0.0136'®  0.04043  3.0590) 0.0268"'" 0.01257  0.0270!'

180 MRE (5) 0.0429"  0.04775% 0.05127  0.0442% 0.0512'" 0.8676!" 0.0482% 0.0582  0.0598!% 0.0527®%  0.0875"3  0.99945% 0.07211 0.0501%"  0.0725!
Dybs 0.0124M 0.01390%  0.0149'  0.0129® 0.0149"  0.3444"4  0.0140¢" 0.0169®  0.01751% 0.0153®  0.0248!3  0.5002%" 0.0208"" 0.01455"  0.02091%
Dinax 0.0184" 0.0205°" 0.022019 0.0191% 0.02207 0.5687" 0.0207% 0.0249°"  0.0258""% 0.0227%  0.0368""  0.9903" 0.0309"'" 0.0216%"  0.0310!"
YRanks 5! 151 3110 101 32 70114 201 451 50100 408! 6513 75119 5511 278 60112
|Bias|(p) 0.0773'" 0.0865 0.0904° 0.0786% 0.09057 15199 0.0865* 0.1026!" 0.0983) 0.0830%  0.1721"% 17490 0.1099 0.0955®  0.11011%
MSE (3) 0.0093"" 0.0117% 0.0129' 0.0096% 0.0129" 2.31044 0.0118" 0.0168"% 0.0152% 0.0108°%  0.0646"3  3.0590"% 0.0197"" 0.0135%  0.0198!'2

250 MRE(H) 0.04421 0.04945%"  0.0517'  0.0449® 0.0517" 0.8685" 0.0494“ 0.0586"% 0.0562° 0.0474%  0.0984!"3  0.9994" 0.0628!') 0.0545%  0.06291'%
Dips 0.0128" 0.0143% 0.0150' 0.0131% 0.0150" 0.3453%4 0.0143% 0.0170"% 0.0162° 0.0138%  0.02731  0.5006!"> 0.0182"V 0.0159'% 0.0183!1%
Dinax 0.0190" 0.02125" 0.0222' 0.0194% 0.02227 0.5699" 0.0212% 0.0251% 0.0241°"  0.0204°%"  0.0406!" 09918} 0.02701"" 0.0235%  0.0270!'
YRanks 5! 24) 3010 101 35 70114 219 50100 451 158 6513 75119 5511 4018 60112
|Bias|(p) 0.0652" 0.0732¥  0.0790% 0.0653% 0.0791% 1.5210" 0.0722® 0.0848"% 0.0766™ 0.0765  0.1495"% 174903 0.1001"" 0.0763°  0.10031%
MSE (5) 0.0062" 0.0084* 0.0098 0.0062% 0.0098% 23139 0.0084% 0.01151"% 0.0088% 0.00897  0.0668"  3.059015" 0.0145"" 0.0088¢  0.0146!?

150 MRE () 0.03731) 0.0418" 0.0451® 0.0373% 0.0452% 0.8692 0.0413% 0.048410 004387 00437 0.08543 09994150 0057211 0.0436°  0.057311?
Db 0.0108" 0.0121% 0.0130® 0.0108% 0.0131® 03450 0.0119% 0.0140"% 0.0126" 00126  0.02333 04979 0.0166"" 0.01277  0.0166!2
Dyax 0.0160""  0.0179% 0.0193® 0.0161% 0.0194® 0.5711" 0.0177%" 0.0207"% 0.0188  0.01887  0.0347"3  0.99271) 0.0246!'V 0.0188°"  0.0246!'¥
YRanks 5" 201 418 10 440 70114 158 501100 3010 30 65113 75119 5511 28 60112
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Table 4. Partial and overall ranks for all estimation methods of the Obulezi distribution from Table 3.

n  Metric MLE ADE CVME MPSE OLSE RTADE WLSE LTADE MSADE MSALDE ADSOE KE MSSDE MSSLDE MSLNDE
|Bias|(p) 10 30 5.0 2.0 7.0 13.0 4.0 8.0 12.0 9.0 14.0 150 10.0 6.0 11.0
MSE@®) 1.0 3.0 6.0 2.0 7.0 13.0 4.0 12.0 11.0 8.0 15.0 140 9.0 5.0 10.0

;s MRE(® 10 30 50 2.0 7.0 13.0 4.0 8.0 12.0 9.0 14.0 150 10.0 6.0 11.0
Daps 1.0 20 6.0 4.0 7.0 14.0 3.0 8.0 10.0 9.0 13.0 150 11.0 5.0 12.0
Dinax 1.0 20 50 4.0 7.0 14.0 3.0 8.0 12.0 9.0 13.0 150 10.0 6.0 11.0
YRanks 5 13 270 143 3570 6703 18 448 57112 449 6914 74150 50010 2810 5511
|Bias|(p) 10 20 5.0 4.0 6.0 14.0 3.0 8.0 10.0 9.0 13.0 150 11.0 7.0 12.0
MSE®) 1.0 3.0 50 2.0 6.0 14.0 4.0 10.0 9.0 8.0 13.0 150 11.0 7.0 12.0

s MRE(®) 10 20 50 4.0 6.0 14.0 3.0 8.0 10.0 9.0 13.0 150 11.0 7.0 12.0
Dabs 10 20 50 4.0 6.0 14.0 3.0 8.0 10.0 9.0 13.0 150 11.0 7.0 12.0
Dinax 10 20 50 4.0 6.0 14.0 3.0 8.0 10.0 9.0 13.0 150 11.0 7.0 12.0
YRanks 5 11 250 8% 3o 7004 16 428 49101 440 65113 7513 55011 357 60112
|Bias|(p) 2.0 40 6.0 1.0 7.0 14.0 3.0 10.0 8.0 5.0 13.0 150 11.0 9.0 12.0
MSE () 2.0 40 6.0 1.0 8.0 14.0 3.0 10.0 5.0 7.0 13.0 150 11.0 9.0 12.0

o MRE(®) 20 40 60 1.0 7.0 14.0 3.0 10.0 8.0 5.0 13.0 150 11.0 9.0 12.0
Daps 20 40 6.0 1.0 7.0 14.0 3.0 10.0 8.0 5.0 13.0 150 11.0 9.0 12.0
Dinax 20 40 6.0 1.0 7.0 14.0 3.0 10.0 8.0 5.0 13.0 150 11.0 9.0 12.0
YRanks 102 20@ 30© s 367 7ot4 158 spU0r 378 275 65113 75150 5500 451 6012
|Bias|(p) 10 30 7.0 2.0 6.0 14.0 4.0 9.0 10.0 8.0 13.0 150 11.0 5.0 12.0
MSE®) 1.0 3.0 50 2.0 6.0 14.0 4.0 9.0 10.0 8.0 13.0 150 11.0 7.0 12.0

150 MRE() 1.0 30 70 2.0 6.0 14.0 4.0 9.0 10.0 8.0 13.0 150 11.0 5.0 12.0
Daps 1.0 30 6.0 2.0 7.0 14.0 4.0 9.0 10.0 8.0 13.0 150 11.0 5.0 12.0
Dinax 1.0 30 6.0 2.0 7.0 14.0 4.0 9.0 10.0 8.0 13.0 150 11.0 5.0 12.0
YRanks 5" 158 310 102 3200 7004 20H 450 50!10) 4018 65113 75150 5501 275 6012
|Bias|(p) 10 50 6.0 2.0 7.0 14.0 4.0 10.0 9.0 3.0 13.0 150 11.0 8.0 12.0
MSE®) 1.0 40 6.0 2.0 7.0 14.0 5.0 10.0 9.0 3.0 13.0 150 11.0 8.0 12.0

550 MRE(@) 10 50 60 2.0 7.0 14.0 4.0 10.0 9.0 3.0 13.0 150 11.0 8.0 12.0
Daps 1.0 50 6.0 2.0 7.0 14.0 4.0 10.0 9.0 3.0 13.0 150 11.0 8.0 12.0
Dinax 1.0 50 6.0 2.0 7.0 14.0 4.0 10.0 9.0 3.0 13.0 150 11.0 8.0 12.0
YRanks 510 2460 300 102 357 70t4 21 50000 450 158 65113 75150 5501 401 6012
|Bias|(p) 10 40 8.0 2.0 9.0 14.0 3.0 10.0 7.0 6.0 13.0 150 11.0 5.0 12.0
MSE®) 1.0 40 9.0 2.0 8.0 14.0 3.0 10.0 5.0 7.0 13.0 150 11.0 6.0 12.0

350 MRE(@) 10 40 80 2.0 9.0 14.0 3.0 10.0 7.0 6.0 13.0 150 11.0 5.0 12.0
Dabs 1.0 40 80 2.0 9.0 14.0 3.0 10.0 5.0 6.0 13.0 150 11.0 7.0 12.0
Dinax 1.0 40 80 2.0 9.0 14.0 3.0 10.0 6.0 7.0 13.0 150 11.0 5.0 12.0
YRanks S5 204 41® 102 440 004 158 50000 30 327 6513 75050 550 286 6012
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Figure 7. Graphical representations for the Bias values presented in Table 5.
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Table S. Numerical values of simulation measures for p = 2.50.

n  Metric MLE  ADE CVME MPSE OLSE RTADE WLSE LTADE MSADE MSALDE ADSOE KE MSSDE MSSLDE MSLNDE
|Bias|(p) 0.4472" 046437 04977 0.4778% 050057 2.1008" 0.4943" 054688 0.666201 05473 1326817 24990 0.66231% 047258 0.67031%
MSE (5) 0.3965% 0.4379% 05409 03835 0.5396 4.460413 0525419 0.6466° 0935412 0473050 16.17251% 6.2450"  0.6872% 0.3911% 070581V

|5 MRE() 0.1789"  0.1857% 0.1991' 0.1911% 0.2002" 0.8403"" 0.19775" 0.2187®  0.2665"" 0.2189°  0.5307"3  0.9996!" 0.2649!"% 0.1890°  0.26811%
Dubs 0.0547" 0.0570% 0.0597% 0.06217 0.0605 0.3476"  0.06025" 0.0629'®  0.0807"% 0.0714°  0.0863"@  0.5068" 0.0858!"V 0.0600*  0.0867"%
Dynax 0.0814"  0.0846% 0.0887% 0.09257 0.0898¢" 0.5601"4 0.08925" 0.0945%®  0.1180"Y 0.1055%  0.135413  0.9452150 0.1287"0  0.0891%  0.13011%
YRanks 7! 12 261 231 33 6914 269! 418 5410 418 66! 7409 5210 161 6012
|Bias|(p) 0.2309') 0.2562¥ 0.27537 0.2358% 027801 2.1463 02626 02943 0303500 026059 05024 249903 036861 0.2369%  0.37021%
MSE (p) 0.0977 0.1177% 0.13807 0.0985% 0.1384% 4.6156" 0.12989 0.1550°  0.16551% 0.1191") 08418  6.245015) 0.234811 0.1039%)  0.2360!"?

50 MRE () 0.0923) 0.1025* 0.11017 0.0943% 0.11128 08585 0.1050¢" 0.1177  0.1214"% 0104250 020093  0.9996"5} 0.147411 009482 0.14811"%
Do 0.0292'" 0.0323%  0.03421  0.0307% 0.03478  0.3496"  0.03285%" 0.0365 0.0385""0 0.0344"  0.0524!3  0.5028'" 0.0466!""  0.0309%  0.0468'2
Dinax 0.0435" 0.0479%  0.0508"7 0.0456 0.0515® 0.5748"  0.04885" 0.0541  0.0573" 0.0505¢  0.0795'"%  0.9782"5) 0.0692"" 0.0460%  0.0696!'2
YRanks 5" 201 34 102 4018 70114 28! 451 501100 281! 6513 751130 5511 151 60112
|Bias|(p)  0.1530"%  0.1571% 0.1625 0.1505" 0.1623°) 2.1523™ 0.1563% 0.1779"" 0208612 0.1738%® 0283013  2.4990"5 0.1950"Y 0.16697"  0.1957"1
MSE () 0.0402% 0.0436" 0.04807 0.0387" 0.0478'9 4.63531" 0.0437% 0.0604"" 0.0675"2 0.0500®  0.17343 624501 006341 0.0461%"  0.0638!!"

10 MRE (®) 006127 0.0628 0.0650 0.0602" 0.06495" 0.8609¥ 0.0625% 0.0712®  0.0834"7 0.0695®  0.11323 09996 0.0780" 0.06677  0.0783!")
Dips 0.0195% 0.0199% 0.0205' 0.0194" 0.0205% 0.3473" 0.0197% 0.02228  0.0269"2 0.0226""  0.0333'3 049721 002531 0.02157  0.0254!11
Dinax 0.0288  0.0295% 0.0304 0.0287" 0.0304% 0.5747" 0.0292%0 0.03301  0.0394"2 0.0332  0.0497'"3  0.9876!" 0.03741 0.03187  0.0375!"V
YRanks 10 194 3110 5t 269 70114 169 430 60112 428 6513 7519 5010 330 55!
|Bias|(p)  0.1207%  0.1352¥ 0.14157 0.1198" 0.14328) 2.14641  0.13535) 0.1597°  0.16481% 0.1395€ 020583 2.4990"5 0.1747"Y 0.1293%)  0.17511%
MSE () 0.0235% 0.0284% 0.03117 0.0231'" 0.0314®  4.6093" 0.0283% 0.0394°"  0.0401"7 0.0298¢  0.309113  6.2450") 004740 0.0285%  0.0478!'

150 MRE (5) 0.0483% 0.0541% 0.05667 0.0479'" 0.0573® 0.8586!" 0.0541%" 0.0639°"  0.0659"'" 0.0558¢  0.1183""3  0.9996!" 0.0699"'! 0.0517%  0.0701"
Dips 00156 0.0174% 0.01837 0.0156% 0.0185® 0.3480" 0.0175%" 0.0205°"  0.0213"% 0.0182¢  0.0334"3  0.5007" 0.0226"" 0.0168%  0.0226!'
Dinax 0.0229'" 0.0256% 0.02687 0.0229% 0.02728 0.5703"  0.0257%" 0.0300°" 0.0312 0.0265¢  0.0496!" 09912 0033111 0.0247%  0.0332112
YRanks 87 201 351 7t 401 70114 238 45 50100 301! 6513 7519 5511 174 60112
|Bias|(p) 0.10422 0.1137% 0.1201¢ 0.1015" 0.12107  2.1537" 0.1166" 0.13511% 0.1338)  0.1302%8  0.3290'% 249903 0.1411°0 0.1136"  0.14141%
MSE (3) 0.0172% 0.0203% 0.0223'% 00162 0.02277 4.6396" 0.02125 0.0282° 00306 0.0260%  1.3998"3  6.2450" 0.0301'% 0.0204%  0.03031V

25 MRE () 0.0417%  0.0455%  0.0480' 0.0406'" 0.0484" 0.8615" 0.0466°" 0.0540"% 0.0535%  0.0521%  0.1316!"  0.9996!" 0.0564!'V 0.045451  0.0566!"%
Do 0.0133% 0.0145% 0.0152 0.0130"" 0.0154" 0.3468" 0.01496" 0.0171"% 0.0171® 0.0167%  0.03001"%  0.4955!) 0.0182"V 0.0146*  0.018311%
Dinax 0.0196%  0.0213%  0.0225' 0.0192"  0.0227"  0.5746"4 0.0219%"  0.0252®  0.02531%  0.0246®  0.0450"3  0.992915" 0.0268" 0.0214%  0.02691%
YRanks 107 17 30 5t 357 7014 258 480 49110 40®) 6513 7519 5411 181 5912
|Bias|(p) 0.0875" 0.0964¥ 0.10157 0.08885) 0.1016!® 2.1563 0.0984"" 0.1087) 0.120002 0.1015  0.1667"F  2.4990!% 0.1178"% 0.0875%  0.1180"Y
MSE (5) 0.0108" 0.0130* 0.0145 0.0109% 0.0145" 4.6507 0.0134% 00174 0020317 001548 0.05913 6245050 0.0202"% 0.0121%  0.02021"

150 MRE () 0.0350) 0.0386" 0.04067 0.0355% 0.0406% 0.8625!" 0.0393%) 0.0435°  0.0480"% 0.0406'  0.0667" 099965 0.04711% 0.0350%  0.047211)
Do 00113 0.0125% 001327 001157 001328 035021 0.0128% 00141 0.0156"2 0.0132¢  0.0208'"3  0.5007" 0.01531% 0.0113%  0.0154!1V
Dyax 0.0166!" 0.0183% 0.0193' 0.0169" 0.0193" 0.5760" 0.01875" 0.0206® 0.0229"% 0.0193®  0.0306"  0.99401>) 0.0225!"% 00167  0.0226!")
YRanks 5" 20 3300 148 3818) 70114 258 451 6012 34 6513 75119 5010 111 5511




SOUSYDIS JO [PUINOL UIIPOJA

YL~CE ‘1 9NSS] °T dWNJOA

Table 6. Partial and overall ranks for all estimation methods of the Obulezi distribution from Table 5.

n  Metric MLE ADE CVME MPSE OLSE RTADE WLSE LTADE MSADE MSALDE ADSOE KE MSSDE MSSLDE MSLNDE
|Bias|(p) 10 20 6.0 4.0 7.0 14.0 5.0 8.0 10.0 9.0 13.0 150 11.0 3.0 12.0
MSE () 3.0 40 80 1.0 7.0 13.0 6.0 9.0 10.0 5.0 15.0 140 120 2.0 11.0
;s MRE® 10 20 60 4.0 7.0 14.0 5.0 8.0 10.0 9.0 13.0 150 11.0 3.0 12.0
Daps 1.0 20 3.0 7.0 6.0 14.0 5.0 8.0 11.0 9.0 12.0 150 10.0 4.0 13.0
Dinax 1.0 20 3.0 7.0 6.0 14.0 5.0 8.0 11.0 9.0 13.0 150 10.0 4.0 12.0
SRanks 7 1280 268 23 33070 ol oglo) 4118 52110} 41 66!13) 74150 54000 161 6012
|Bias|(p) 10 40 7.0 2.0 8.0 14.0 6.0 9.0 11.0 5.0 13.0 150 10.0 3.0 12.0
MSE@®) 1.0 40 7.0 2.0 8.0 14.0 6.0 9.0 11.0 5.0 13.0 150 10.0 3.0 12.0
s MRE(®) 10 40 70 2.0 8.0 14.0 6.0 9.0 11.0 5.0 13.0 150 10.0 3.0 12.0
Dabs 1.0 40 60 2.0 8.0 14.0 5.0 9.0 11.0 7.0 13.0 150 10.0 3.0 12.0
Dinax 10 40 170 2.0 8.0 14.0 5.0 9.0 11.0 6.0 13.0 150 10.0 3.0 12.0
YRanks 51 204 347 102 408 70U4 2811 450 55tm 286} 6513 75151 50010 15 6012
|Bias|(p) 20 40 6.0 1.0 5.0 14.0 3.0 9.0 10.0 8.0 13.0 150 120 7.0 11.0
MSE(®) 20 30 7.0 1.0 6.0 14.0 4.0 9.0 10.0 8.0 13.0 150 120 5.0 11.0
1o MRE@) 20 40 60 1.0 5.0 14.0 3.0 9.0 10.0 8.0 13.0 150 120 7.0 11.0
Daps 20 40 60 1.0 5.0 14.0 3.0 8.0 10.0 9.0 13.0 150 120 7.0 11.0
Dinax 20 40 6.0 1.0 5.0 14.0 3.0 8.0 10.0 9.0 13.0 150 120 7.0 11.0
YRanks 102 19¥ 310 s 2681 7004 16 43¢0 50!101 4218 65113 75151 6012 3317 5511
|Bias|(p) 20 40 7.0 1.0 8.0 14.0 5.0 9.0 11.0 6.0 13.0 150 100 3.0 12.0
MSE®) 2.0 40 70 1.0 8.0 14.0 3.0 9.0 11.0 6.0 13.0 150 100 5.0 12.0
150 MRE(®) 20 40 70 1.0 8.0 14.0 5.0 9.0 11.0 6.0 13.0 150 10.0 3.0 12.0
Daps 1.0 40 7.0 2.0 8.0 14.0 5.0 9.0 11.0 6.0 13.0 150 10.0 3.0 12.0
Dinax 1.0 40 7.0 2.0 8.0 14.0 5.0 9.0 11.0 6.0 13.0 150 10.0 3.0 12.0
YRanks 82 20 357 7l 40 7014 2350 450 5511 301 6513 75150 50010 178 6012
|Bias|(p) 2.0 40 6.0 1.0 7.0 14.0 5.0 10.0 11.0 8.0 13.0 150 9.0 3.0 12.0
MSE () 2.0 3.0 6.0 1.0 7.0 14.0 5.0 9.0 10.0 8.0 13.0 150 120 4.0 11.0
550 MRE(@) 20 40 60 1.0 7.0 14.0 5.0 10.0 11.0 8.0 13.0 150 9.0 3.0 12.0
Daps 20 30 6.0 1.0 7.0 14.0 5.0 10.0 11.0 8.0 13.0 150 9.0 4.0 12.0
Dinax 20 30 6.0 1.0 7.0 14.0 5.0 9.0 11.0 8.0 13.0 150 10.0 4.0 12.0
YRanks 10 178 3¢p© 50 3570 7004 256) 4800 541 4018 65113 75150 49010 18t 591121
|Bias|(p) 10 40 7.0 3.0 8.0 14.0 5.0 9.0 10.0 6.0 13.0 150 120 2.0 11.0
MSE@®) 1.0 40 6.0 2.0 7.0 14.0 5.0 9.0 10.0 8.0 13.0 150 120 3.0 11.0
350 MRE(@) 10 40 70 3.0 8.0 14.0 5.0 9.0 10.0 6.0 13.0 150 120 2.0 11.0
Dabs 10 40 70 3.0 8.0 14.0 5.0 9.0 10.0 6.0 13.0 150 120 2.0 11.0
Dinax 1.0 40 60 3.0 7.0 14.0 5.0 9.0 10.0 8.0 13.0 150 120 2.0 11.0
YRanks S5 204 330 1480 388 U4 2560 4500 5010 347 6513 75050 60112 112 5501
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Figure 12. Graphical representations for the Bias values presented in Table 7.
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Figure 13. Graphical representations for the MRE values presented in Table 7.
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Figure 14. Graphical representations for the D,,; and D,,,, values presented in Table 7.
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Figure 15. Graphical representations for the MSE values presented in Table 7.
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Table 7. Numerical values of simulation measures for p = 1.50.

n  Metric MLE  ADE CVME MPSE OLSE RTADE WLSE LTADE MSADE MSALDE ADSOE KE MSSDE MSSLDE MSLNDE
|Bias|(p) 0.2942% 0.3079% 0331260 030208 03346 1250104 0328450 03698 0.3760"% 0.3373%  0.9061"% 1700315 0.3897"% 0.2910%)  0.38291"
MSE (p) 0.1284!V  0.1420% 0.1765' 0.1336% 0.1789"® 1.5735!% 0.17136) 0241102 02021°  0.1778" 508694 6.13325 0239010 0.1325%  0.22011"%)

|5 MRE () 0.1961% 0.2053%  0.2208¢ 0.2014% 0.22317 0.8334!14 021895 0.2466° 025070 02249 0.6041"3 1.1335!5) 0.2598U 0.1940"  0.255211
Dubs 0.0503% 0.0533%  0.0563 0.0524% 0.05717 03225 0.0559°" 0.0616° 0.06521% 0.05801®  0.0947"3 0.483150 0.067202 0.0502"  0.0667!!
Dpax 0.0733"  0.0774%  0.0823 0.0772® 0.08347 051721 0.0818°" 0.0902°  0.09631% 0.0856'  0.144813 0.9231150 0.099702  0.0739%  0.0996!!!
YRanks 8% 20 3010 158 367 6914 258 481 491100 3948) 6613 75113 5912 7t 5411
Bias|(p) 0.1679% 0.1668" 0.1748¢ 0.1725% 0.17577 1282804 0.1711¥ 0.1882"  0.23671% 0.1856®  0.3968"F 1.4990"5) 0.2581 0.1741%  0.2596"%
MSE (5) 0.0460'" 0.0466% 0.0518'% 0.0463% 0.05207 1.6479" 0.04855" 0.0577%  0.0844'% 0.0550®  0.6897"F 2.2470"% 0.10831"V  0.0480¥  0.1095"¥

50 MRE (5) 0.1119% 0.1112" 0.1165 0.1150% 0.11727 0.8552" 0.114080 0.1255%  0.1578!% 0.1237®  0.2645"3 0.99935 0.1721"0 0.1161  0.17311%
D 0.0289' 0.0288!" 0.0301  0.0298 0.03037" 0334314 0.0295% 0.0324°  0.0409" 0.0321®  0.0558"F 0.4952115"  0.0440'"  0.03015  0.044211Y
Dinax 0.0427% 0.0426!" 004459 0.0443%  0.04487  0.5457" 0.0437  0.0480  0.0608" 0.0476®  0.0838"F 0.97221150 0.06356""  0.04455  0.06601%
YRanks 9% 7 30!0) 18 3507 70114 178 451 50110 4018 6513 75131 551 24b) 60112
|Bias|(p) 0.1170"0 0.1264%  0.1338") 0.1194® 0.13377 1.3017"¥ 0.1276%" 0.1472100 0.1421°  0.12345"  0.2636!"  1.499015" 0.1506!"" 0.1298  0.1512!"
MSE () 0.0212" 0.0245% 0.0273%  0.0215% 0.02737  1.69524  0.0249") 0.0338"% 0.0305  0.0240%  0.1349"3 224705} 0032019 0.026310  0.032211")

120 MRE (5) 0.0780'" 0.0842¥ 0.08928 0.0796” 0.08917 0.8678 0.08515" 0.09810% 00947 0.0822%  0.1757"F 0.999315 0.1004"  0.0865  0.1008!"?
D 0.0199" 0.0215" 0.02277 0.0204% 0.0228% 03414 0.0217°  0.0249"%  0.0243%  0.0211%  0.0424"¥  0.49579 002581 0.022110  0.025911%
Dinax 0.0301"  0.0325" 0.03437 0.0308% 0.0343® 0.5674"  0.0328"% 0.0376"% 0.0367  0.0318%  0.0645"¥ 0.9872"5 0.0390"" 0.033510  0.039111%
YRanks 5" 201 3818) 101 377 70114 258 52100 451 158 65113 75119 5411 30/0) 59112
|Bias(p)  0.0803""  0.0887% 0.0936'" 0.0818% 0.0937" 1.29894 0.0878% 0.1052"% 0.1013®  0.0988")  0.1817!"3 1.49901>" 0.1125" 0.0893°1  0.1128!"
MSE () 0.0100" 0.0116" 0.0128 0.0104% 0.01287 1.6876" 0.0115® 0.0162"% 0.0159” 0.0148®  0.0590"3 2.2470"5 002137 0.0126"  0.02141%

180 MRE (5) 0.0535"  0.0591%  0.0624® 0.0545% 0.0625" 0.8659"4 0.0585% 0.07011% 0.0676®  0.0659®  0.12111%  0.9993119  0.0750"" 0.0595%  0.075211%
Dis 0.0139'" 0.0154% 0.0163 0.0142% 0.01637 0.3430" 0.0153® 0.0183"% 0.0177 0.0172%  0.0307"¥ 0.5012" 0.0195"" 0.0155""  0.01951%
Dinax 0.0207" 0.0229"  0.0242 0.0212% 0.02427 0.5630"  0.0227®  0.0272"% 0.0261"  0.0256®  0.0458"¥ 0.9897'" 0.02911" 0.0231°0  0.02911%
YRanks 5! 201 3010 101 350 70114 151 50100 451 4018 65113 7519 5511 258 60112
Bias|(p) 0.0747" 0.0852%  0.0906" 0.0756% 0.0906® 1.304204 0.0853) 0.1011"% 0.1001® 0.0816%  0.1843"% 1.4990"5 0.1041"  0.0857¢  0.10431%
MSE (5) 0.0085" 0.0108" 0.0124® 0.0085% 0.01247 17013 0.0108¥ 0.0155'% 00144 0.0108% 00634 2.2470"% 0.0165"" 0.0113¢  0.0166!"?

»s0 MRE (D) 0.0498"  0.0568"  0.06047 0.0504% 0.0604® 0.8694!" 0.0569°" 0.0674"% 0.0667°" 0.0544  0.1229'3  0.99935) 0.069411  0.0572  0.0695!"%
Dubs 0.0129"  0.0147% 0.01567 0.0131% 0.01578 034404 0.0148°" 0.0174"% 0.0173®"  0.0142®  0.0309'3 0.4990'5) 0.01801'" 0.0148°  0.0180!"
Dinax 0.0193" 0.0220% 0.02347 0.0196% 0.0234%  0.5697"  0.0220° 0.0261"%  0.0259  0.0211%  0.0463" 0.99133 0.0270"" 0.022200  0.02711%
YRanks 5" 21 367 102 3918) 70114 248 50100 451 158 65113 7519 5511 3010 60112
Bias|(p) 0.0605" 0.0677% 0.0715¢ 0.0608% 0.0716™ 1305104 0.0678" 0.0808"'" 0.0772® 0.0748®  0.13021"% 1.4990"5} 0.0988!" 0.0635%  0.0990"%
MSE (3) 0.0058'"  0.0073¥ 0.0083' 0.0060% 0.00837 1.7035" 0.0074%" 0.0104® 0.0108' 0.0090®  0.0284"3 2.2470"5 0.0164"  0.0063  0.0165!?

150 MRE (5) 0.0403'V 0.0451¥ 0.0477'% 0.0406 0.04777 0.8701" 0.045250 0.05380% 00514 0.0498®  0.0868"F 0.999315 00659V 0.0423%  0.0660!"?
Daps 0.0104" 0.0117" 0.0123 0.0105% 001237 0.3460" 0.0117° 0.0139"% 0.0133*  0.0129%  0.0221"* 0.5011"% 0.0170"" 0.0110%  0.0170"%
Dinax 0.0157" 0.0175" 0.0185° 0.0158” 0.0185" 05706 0.0176°" 0.0209"% 0.0201®" 0.0194®  0.0332"3 0.99215) 0.0256""  0.0165%  0.0257!
YRanks 5% 2014 30!0) 10% 3507 70114 251 49110} 461 4018 6513 751 55t 158 60112
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Table 8. Partial and overall ranks for all estimation methods of the Obulezi distribution from Table 7.

n Metric MLE ADE CVME MPSE OLSE RTADE WLSE LTADE MSADE MSALDE ADSOE KE  MSSDE MSSLDE MSLNDE
|Bias|(p) 2.0 40 6.0 3.0 7.0 14.0 5.0 9.0 10.0 8.0 13.0 150 120 1.0 11.0
MSE@) 1.0 40 6.0 3.0 8.0 13.0 5.0 12.0 9.0 7.0 14.0 150 11.0 2.0 10.0

15 MRE (p) 20 40 6.0 3.0 7.0 14.0 5.0 9.0 10.0 8.0 13.0 150 120 1.0 11.0
Dbs 20 40 6.0 3.0 7.0 14.0 5.0 9.0 10.0 8.0 13.0 150 120 1.0 11.0
Dinax 1.0 40 6.0 3.0 7.0 14.0 5.0 9.0 10.0 8.0 13.0 150 120 2.0 11.0
YRanks 82 20@ 30 158 367 69l4 2519 489 49101 398 66! 751150 59112 A 541
|Bias|(p) 2.0 1.0 60 4.0 7.0 14.0 3.0 9.0 10.0 8.0 13.0 150 110 5.0 12.0
MSE@®p) 1.0 3.0 6.0 2.0 7.0 14.0 5.0 9.0 10.0 8.0 13.0 150 11.0 4.0 12.0

50 MRE (p) 2.0 1.0 60 4.0 7.0 14.0 3.0 9.0 10.0 8.0 13.0 150 11.0 5.0 12.0
Dabs 2.0 1.0 6.0 4.0 7.0 14.0 3.0 9.0 10.0 8.0 13.0 150 11.0 5.0 12.0
Dimax 2.0 1.0 60 4.0 7.0 14.0 3.0 9.0 10.0 8.0 13.0 150 11.0 5.0 12.0
SRanks 92 7 306 18# 350 got4 178 45©) 50110 408 6513 7550 55i10 2415 60112
|Bias|(p) 1.0 40 8.0 2.0 7.0 14.0 5.0 10.0 9.0 3.0 13.0 150 110 6.0 12.0
MSE@) 1.0 40 8.0 2.0 7.0 14.0 5.0 12.0 9.0 3.0 13.0 150 100 6.0 11.0

120 MRE () 1.0 40 8.0 2.0 7.0 14.0 5.0 10.0 9.0 3.0 13.0 150 110 6.0 12.0
Dbs 1.0 40 70 2.0 8.0 14.0 5.0 10.0 9.0 3.0 13.0 150 110 6.0 12.0
Dinax 1.0 40 70 2.0 8.0 14.0 5.0 10.0 9.0 3.0 13.0 150 110 6.0 12.0
YRanks 5 20% 388 o 370 goi4 2519 52110 45© 15% 6513 75150 54110 3010 5911
|Biasl(p) 1.0 40 6.0 2.0 7.0 14.0 3.0 10.0 9.0 8.0 13.0 150 11.0 5.0 12.0
MSE@) 1.0 40 6.0 2.0 7.0 14.0 3.0 10.0 9.0 8.0 13.0 150 11.0 5.0 12.0

180 MRE () 1.0 40 6.0 2.0 7.0 14.0 3.0 10.0 9.0 8.0 13.0 150 11.0 5.0 12.0
Dbs 1.0 40 6.0 2.0 7.0 14.0 3.0 10.0 9.0 8.0 13.0 150 11.0 5.0 12.0
Dinax 1.0 40 6.0 2.0 7.0 14.0 3.0 10.0 9.0 8.0 13.0 150 11.0 5.0 12.0
YRanks 5 204 301 10 350 q0t4 159 5010 459 40® 6513 75113 55Mth 2519 60112
|Biasl(p) 1.0 40 7.0 2.0 8.0 14.0 5.0 10.0 9.0 3.0 13.0 150 11.0 6.0 12.0
MSE@) 1.0 50 80 2.0 7.0 14.0 4.0 10.0 9.0 3.0 13.0 150 11.0 6.0 12.0

750 MRE@) 1.0 40 7.0 2.0 8.0 14.0 5.0 10.0 9.0 3.0 13.0 150 11.0 6.0 12.0
Dybs 1.0 40 70 2.0 8.0 14.0 5.0 10.0 9.0 3.0 13.0 150 11.0 6.0 12.0
Dinax 1.0 40 70 2.0 8.0 14.0 5.0 10.0 9.0 3.0 13.0 150 11.0 6.0 12.0
YRanks 5t 214 367 10 398 got4 2419 5010 459 15 6513 751150 55it0 300 60!
|Biasl(p) 1.0 40 6.0 2.0 7.0 14.0 5.0 10.0 9.0 8.0 13.0 150 11.0 3.0 12.0
MSE@) 1.0 40 6.0 2.0 7.0 14.0 5.0 9.0 10.0 8.0 13.0 150 11.0 3.0 12.0

350 MRE () 10 40 6.0 2.0 7.0 14.0 5.0 10.0 9.0 8.0 13.0 150 11.0 3.0 12.0
Dabs 1.0 40 6.0 2.0 7.0 14.0 5.0 10.0 9.0 8.0 13.0 150 11.0 3.0 12.0
Dimax 1.0 40 6.0 2.0 7.0 14.0 5.0 10.0 9.0 8.0 13.0 150 11.0 3.0 12.0
SRanks 51 20% 301 102 3500 got4 2519 49101 46" 408 6513 75151 550 159 6012
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The plot, Figure 16, is a partial rank heatmap comparing fifteen estimation methods across five met-
rics for the Obulezi distribution at six different sample sizes (n) for simulation case 7. Lighter colors
(yellow/peach) represent Rank 1 (best performance), while darker colors (purple/black) represent the worst
rank. The D, and Dy« goodness-of-fit metrics show consistent high ranks (light colors) for a few methods,
notably OLSE, WLSE, and LTADE, across all sample sizes.

For the parameter p = 1.50 of the Obulezi distribution in Tables 7 and 8, the MLE and the MPSE
demonstrate the best overall performance, especially at larger sample sizes. The MLE achieves the overall
first rank for n = 120, 180, 250, and 350, while the MPSE is its most frequent and consistent challenger,
securing the second overall rank in those same four cases. For the smallest sample size (n = 15), the
MSSLDE is the top performer, followed by the MLE. For n = 50, the ADE edges out the MLE for the
first rank. Across all sample sizes, these handful of top methods consistently yield the lowest values for all
metrics, including Mean Squared Error (MSE) and bias measures.

A positive general trend is observed across all estimation methods: the numerical values for all bias and
error measures systematically decrease as the sample size increases from n = 15 to n = 350. This confirms
the consistency of all estimators, showing that they become more accurate and precise with more data. At
the other end of the spectrum, the RTADE and the KE consistently perform the worst, yielding the highest
numerical values and occupying the last two positions in the overall rankings across every sample size. The
plots in Figures 12, 13, 15 and 14 align perfectly with the results in Tables 7 and 8.

6. Applications

In this section, Obulezi distribution is deployed in three lifetime data scenarios in an attempt to demon-
strate its competitive advantage in modeling lifetime events. Data I represents the time to failure of 18
electronic devices studied by [39]. It is presented in Table 9.

Table 9. Data 1

5 11 21 31 46 75 98 122 145
165 195 224 245 293 321 330 350 420

Table 10 contains Data II, which is the failure times (in weeks) of 50 components, first studied by [16]

Table 10. Data 11

0.013 0.065 0.111 0.111 0.163 0309 0.426 0535 0.684 0.747
0997 1284 1304 1.647 1.829 2336 2.838 3.269 3977 3.981
4520 4789 4849 5202 5291 5349 5911 6.018 6.427 6.456
6.572 7.023 7.087 7.291 7.787 8596 9.388 10.261 10.713 11.658
13.006 13.388 13.842 17.152 17.283 19.418 23.471 24.777 327795 48.105

Data III represents the intervals between failures (in hours) of the air conditioning system of a fleet of
13 Boeing 720 jet airplanes. This data has been studied by [4] and it is reported in Table 11.

Modern Journal of Statistics Volume 2, Issue 1, 32-74
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Table 11. Data III

1 4 11 16 18 18 18 24 31 39 46 51 54 63
68 77 80 82 97 106 111 141 142 163 191 206 216
Table 12. Summary Statistics

Measures Datal Data II Data III
n 18 50 27
O 53.25 1.38975 21
03 281 10.04275 108.5
IQR 227.75 8.653 87.5
Outlier ] 23.471,24.777

32.795, 48.105
Mean 172.0556  7.82102 76.81481
Median 155 5.32 63
Standard Deviation 131.5265  9.2063 63.71272
Variance 17299.23  84.75597 4059.311
Range 405 48.092 215
Skewness 0.3157486 2.306048 0.802352
Kurtosis 1.850757  9.408282 2.573307

Based on the summary statistics in Table 12, Data II has the largest sample size (n = 50), followed by
Data III (n = 27), with Data I (n = 18) being the smallest. Across all datasets, the Mean is greater than
the Median and the Skewness is positive (ranging from 0.32 to 2.31), indicating that all distributions are
right-skewed. Data II exhibits the most extreme characteristics, showing the strongest skewness (2.306)
and the highest kurtosis (9.408), suggesting it is the most peaked and has the longest right tail, which is
further supported by the presence of four outliers. In contrast, Data I is the least skewed (0.316) and is
the only dataset that is platykurtic (less peaked, 1.851). Regarding variability, Data I is the most spread
out, possessing the largest standard deviation (131.53), while Data II shows the least variability (Standard

Deviation: 9.21), despite containing the most outliers.

Data | Data Il

Figure 17. Boxplot superimposed on Violin plot
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Figure 18. Density superimposed on Histogram

Figures 17 reveal essentially that there is no datapoint in Data I and Data III that constitutes an extreme
value. However, the Data III is positively skewed from the histogram shape in Figure 18 with four outliers.

The proposed Obulezi distribution is compared to other well-known one-parameter distributions
namely, Lindley [9], Shanker [19], Pranav [8], xgamma [17] and Chris-Jerry [13] distributions.

Table 13. Measures of fitness and model performance

Data Model LL AIC CAIC BIC HQIC w A KS p-value
Obulezi -110.66 223.3214 223.5714 2242118 223.4442 0.0596 0.3970 0.1249 0.9090
Lindley -112.70  227.3903 227.6403 228.2806 227.5130 0.0579 0.3884 0.1743 0.5855
Shanker -112.93  227.8534 228.1034 252.4220 227.9762 0.0591 0.3940 0.1768 0.5674
Data I Pranav -124.77 251.5316 251.7816 396.0415 251.6544 0.0589 0.3929 0.2542 0.1635
Xgamma -196.58 395.1511 395.4011 236.0435 395.2739 0.0540 0.3796 0.2761 0.1052
Chris-Jerry -116.58 235.1532 235.4032 224.2118 235.2759 0.0552 0.3829 0.2289 0.2601
Updated Lindley -110.66 223.3214 223.5714 266.7010 223.4442 0.0596 0.3970 0.1251 0.9083
Rani -131.91 265.8106 266.0606 309.5947 265.9334 0.0588 0.3928 0.2659 0.1299
Obulezi -152.84 307.6827 307.7661 309.5947 308.4108 0.0658 0.3295 0.1089 0.5933
Lindley -161.28 324.5580 324.6413 326.4700 325.2861 0.0430 0.2431 0.1806 0.0767
Shanker -168.00 -168.00  338.0077 338.0910 339.9197 338.7358 0.0047 0.2652 0.0378
Data Il Pranav -200.27 402.5387 402.6220 404.4507 403.2668 0.0570 0.4351 0.2750 0.0010
xXgamma -264.94 495.8862 4959695 497.7982 496.6143 0.0522 0.3135 0.3270 4.539x1073
Chris-Jerry -166.39 334.7810 334.8643 336.6930 335.5091 0.0485 0.3192 0.2172 0.0179
Updated Lindley -152.83 307.6628 307.7462 309.5749 308.3910 0.0659 0.3299 0.1087 0.5956
Rani -219.52  441.0358 441.1191 4429478 441.7639 0.0720 0.5579 0.2951 0.0003
Obulezi -144.22  290.4355 290.5955 291.7313 290.8208 0.0248 0.1988 0.0801 0.9951
Lindley -146.53 295.0621 295.2221 296.3579 295.4474 0.0234 0.1851 0.1728 0.3956
Shanker -147.33  296.6522 296.8122 297.9481 297.0376 0.0245 0.1959 0.1782 0.3580
Data III Pranav -164.53 331.0565 331.2165 332.3523 331.4418 0.0244 0.1947 0.2580 0.0550
Xgamma -251.69 505.3899 505.5499 506.6858 505.7753 0.0269 0.2109 0.3031 0.0140
Chris-Jerry -150.65 303.3020 303.4620 304.5979 303.6874 0.0258 0.2006 0.2227 0.1375
Updated Lindley -144.22 290.4355 290.5955 291.7313 290.8208 0.0248 0.1988 0.0803 0.9950
Rani -174.96 351.9206 352.0806 353.2165 352.3060 0.0243 0.1944 0.2790 0.0299

Based on the goodness-of-fit and model performance measures—where in Table 13, a lower value is
desirable for LL (highest absolute value), AIC, CAIC, BIC, HQIC, W, A, and KS statistic, and a higher
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value is desirable for the p-value—the Obulezi and Updated Lindley models consistently emerge as the
best performers across all three datasets (Data I, Data II, and Data III), often having identical or nearly
identical metrics, with the Updated Lindley model specifically having a very slight edge in the KS p-
value for Data II and Data III. For instance, in Data I, both models share the highest LL (—110.66) and
lowest information criteria (e.g., AIC 223.3214) and W (0.0596) and A (0.3970), with the Updated Lindley
model having the highest p-value (0.9083) compared to Obulezi’s (0.9090). Conversely, the xgamma
model is unequivocally the worst performer across all three datasets, consistently yielding the lowest LL
(highest absolute value), highest information criteria, and worst goodness-of-fit statistics (highest W, A, and
KS statistic) coupled with the lowest and most significant p-values, such as the extremely low p-value of
4.539 x 107 for Data II, indicating a very poor fit.

Table 14. Parameter Estimation for the Datasets

Dia Method MLE ADE CVME OLSE MPSE RTADE  WLSE LADE  MSADE  MSALDE  ADSOE KB MSSDE  MSSLDE  MSLNDE
Oulezi  0008(00014) 0.0052(00017) 00050(000I9) 0049 (00018) 00055 (0.0015) 0.00L3(00005) 00052(0008) 0051 (10022) 0058 (00020) 00056 (00017) 0.0058 (L.0074) 00054 (00019) 0.057(0.0022) 0.5 (.001E) 00057 (00021)
Lindly 00116 (0.0019) 00114 (00020) 00108 (00021) 0006(0.0020) 0OLLT (00I9) 00030(00012) 00107 (00021) 0O14D(O0023) 00105(00025) 0011(0.0022) 00322.(0.0082) 00125 (00021) 00098 0.0027) 0.0123(0.0022) 00098 (00027)
Shanker 00116(00019) 00115(00022) 00108(00023) 0107(00023) 00112(00020) 00030 (00012) 00107(0.0023) 00142(0.0026) 00105 (0.0027) 00111 (00022) 00363 (0007 0.0126(00024) 0.0098 (0.0030) 0.0125 (00622) 0.0098 (0.0050)
- 00232 (0.0027) 00235 00029) 00222 (00031) 0.0220(00031) 00226 (0.0028) 00065 (00025) 0.0202(0.0030) 00494 00034) 00183 (00038) 00197 (00031) 00755 .0084) 00269 (00031) 00175 (00040) 0.0277(0.0030) 0175 (00041)
Xomma  00116(00019) 00171 (0.0017) 0O164(00019) 00162(00019) 00161 (.0016) 00M8 (0001 00138(00018) 0.0246(0.0020) 00131 (00021) 00148 (00018) 0.05%4(0.0050) 00196 (00019) 0.0137(0.0023) 00ISLOO0IT) 0137 (00023)
ChrisTery  00170(00024) 00173(0.0026) 00165 00027) 00163 (00027) 00163 (0.0024) 0048 (0.0019) 00139(00027) 0.0256(0.0029) 001320003 00148(0.006) 0.0693(0.0077) 00198 (00028) 0.0137(00037) 0.01S6(0.0025) 0137 (00035)
Updaed Lindey 00058 (00014) 00052(0.0017) 0.0050(0.0020) 0049 (0.0020) 00055 (0.0014) 0.0013 (00004) 00052 (00019) 00051 (10024) 008 (00021) 00056 (00016) 00058 (0.0092) 00054 (00020) 00057 (0.0022) 0.0 (0.00L6) 00057 (0.0022)
Rani 00291 (00031) 00295 (00030) 00080 (0003) 0.0277(00032) 00263 (00029) 00083 (00035) 00266 0.0031) 0OSI2(00035) 00216 (00037) 0.0244(0.0033) 008TT (O00T3) 00335 (0003) 00201 00043) 0353 (0.0033) 0211 (00047)
Oulezi  0.1289(00185) 0.1401(00209) 0.38(0046) 0.1377(00045) 0.1199.(0.0203) OOI48(O0055) 0.1373(00233) 01551 (0.0272) 0.1409(0026) NAN 03236(00935) 01523 (00250) 01227 (00276) NAN 0.1228 0.0280)
Lindey 02317(00234) 02703 (00269) 02737 (00287) 02727 (00087) 02192.(00242) 00243 (00143) 02697 (00275) 03346(0.0319) 02167 (00327) NAN 05386(0.1089) 03152(00292) 03940034 NAN 0239 (0.0345)
Shanker 02589 (0.0248) 02991 (00258) 0298 (00269) 02974(0.0269) 0.2449(0.0245) 00223 (00154 02938 (0.0260) 03994 (0.0287) 02674 (00330) NAN 05421 00598) 03538(00272) 0518 (00346) NAN 02519/0.0351)
- 05300 (0.0361) 06474 (00376) 06560 (00388) 06551 (0.0388) 05060 0.0367) 00341 (00407) 06099 0.0380) 0.6582(0.0418) 0455 (00465) NAN 06382 (0.0854) 06582(00397) 05324 00481) NAN 05322 (0.0484)
omma  02339(00038) 03707(0020) 03891 00219) 03882(00219) 0.2917(001%) 0038200143 03844(00212) 0469(0.0243) 03400 (00258) NAN 05955 0.0938) 04094 (00225) 03648 (00273) NAN 0364900275)
ChrisTery 03266 (00087) 0.4060(0.0314) 04281 (00328) 04267(00327) 03111 (0.0296) 00336 (00205) 04226(00319) 05214 (0.0361) 03584 (00361) NAN 06001 (0.1172) 04697 (00339) 03810 (00400) NAN 03809 0.415)
Updaed Lindey 01282 (00183) .91 (00207) 0.1373(00221) 01367 (00220) 01134 00185) 00148 (0005%) 0.1363(00211) 0.1537(0.0256) 0.1400(00239) NN 03164(0.1062) 0.1509(00231) 01220 (00263) NAN 0.1221 (00064)
Rani 06621 (0407) 07084 (00424) 07084 00439) 07084 (0.0440) 06337 (00405) 00755 (00541) 07084 (0.0425) 07084 (0.0468) 05407 (00539) NAN 07083 (0.0824) 07084 (00446) 06711 (00578) NAN 0.67090.0582)
Oulezi 0013000025 00121(00027) 0019 (O009) 00118(00029) 00117 (0.0025) 0.0026(00008) 00120(00028) 0O1IS(0.0034) 00125 (0003) NAN 00123 (00146) 00124 (00030) 00125 (00034) NAN 00125 00039)
Lindey 0.0257(0.0035) 00266 (0.0037) 00267 (00040) 00265 (0.0040) 00235 (00034) 00055 (00022 0061 (00038) 00315 (.0043) 00237 (00047) NAN 00629 (0.0148) 00300 0.0040) 00042 (00051) NAN 00243 00051)
Shanker 00260 (0.0035) 00270 (.0040) 00270 (00043) 00269 (0.0043) 00238 (0.0036) 00055 (00021) 00264 (00041) 00324 0.004T) 00238 (0049) NAN 00976 00109) 00307 (00043) 00044 (00056) NAN 00244 (0056)
L 00521 (00050) 00573 (00052) 00572 (00055) 00569 (0.0055) 00480 (0.0050) 00107 (00049) 00559 (0.0053) 0.0926(0.0059) 00399 (00064) NAN 0.1467(00162) 00674(00055) 00546 (0007) NAN 00548 (0.0074)
omma  00057(00035) 0.0402(00030) 004110003 00409(00032) 0.0339(0.0029) 0.0082(00023) 0.002(00031) 00526(0.0034) 00311 (00037) NAN 00877 (00122) 00466 (00032) 00393 (00040) NAN 00395 (0.004)
Christery 00377 (00043 00409(00047) 00416 (0.004) 00414 0004) 0034 (00040) 0.0082(00033) 00407 0.0043) 00552 (00050) 0.5312(00054) NAN 0.1126(00178) 00483 (00045) 0.0393 (00056) NAN 00395 (0.0055)
Updaed Lindey 00130 00025) 00121 (00029) 00119 (00031) 00118 (00031) 00117 (0.025) 00026 (00008) 00120(0.0030) 0013 (00036) 00125 (00034) NAN 00123(00123) 00124(00032) 00125 (00038) NAN 00125 0.0%)
Rani 00651 (005 0030(00058) 00130(00060) 0.0130(0.0060) 00130(00056) 0.0130(0.0064) 00130(0.0059) 00130 (00066) 0.0130(0.0076) 0.0130(00063) 00130 (00150) 00130(0.0062) 0.O130(0.0080) 00130 (00061) 00130 (0.0081)

From Table 14, the standard errors (SE), which measure the precision of the parameter estimates, reveals
that the RTADE method is consistently the best estimator across all three datasets and all distributions, as
it frequently yields the absolute lowest SE values (e.g., 0.0004 for the Updated Lindley distribution in Data
I, and 0.0008 for Obulezi and Updated Lindley in Data III). Conversely, the ADSOE method is clearly the
worst estimator, as it almost always results in the absolute highest standard errors across all distributions
and datasets (e.g., 0.0092 for Updated Lindley in Data I, 0.1172 for Chris-Jerry in Data II, and 0.0178
for Chris-Jerry in Data III), indicating the least precise estimates. While the MLE is often considered a
benchmark, this empirical study shows that the RTADE is overwhelmingly superior in terms of precision,
demonstrating that distance-based methods can outperform classical methods for these specific models and
datasets. The "NAN” (Not a Number) values appearing in the table for the MSALDE, MSSLDE, and
MSLNDE estimation methods for Data II and Data III indicate a complete failure of these methods to yield
a valid parameter estimate for the respective distributions. This outcome most commonly arises from the
numerical optimization algorithms either failing to converge to a solution or encountering computational
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instabilities (such as taking the logarithm of a non-positive value) due to the nature of the data or the
complexity of the estimation equations. In the context of evaluating estimator performance, the presence of
NAN marks these three methods as unviable and unusable for the distributions applied to Data II and Data
III, making them the least reliable choices compared to all other methods listed.
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Figure 19. Negative Log-likelihood Profile for Obulezi(p) distribution
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Figure 20. Total Time on Test (TTT) plots

Figure 19 displays the Log-likelihood Profile for the Obulezi parameter p for the three datasets. The
characteristic reversed U-shape of each curve, with a clear and well-defined minimum, indicates that the
maximum likelihood estimate (MLE) of p is unique and stable for all three datasets. The red dashed line
and the red point in each plot pinpoint the exact value of the MLE where the negative log-likelihood is
minimized, confirming the reliability of the estimation process for the Obulezi distribution.

Figure 20 shows the Total Time on Test (TTT) plots for the three datasets. The TTT plots are a graphical
method used to assess the shape of the hazard rate function. For Data I, the TTT curve is a strictly increasing
failure rate (IFR). For Data II, the TTT plot indicates a non-monotonic, showing an initial increase in the
hazard rate, followed by a period where the hazard rate stabilizes or slightly decreases, and then an increase
again toward the end. This suggests a complex failure process, but the main visual characteristic is that
the hazard rate is not strictly monotonic (neither purely increasing nor purely decreasing). The TTT plot
for Data III suggests a non-monotonic hazard rate, predominantly characterized by an Increasing Failure
Rate (IFR) after a very brief initial period. The overall pattern is consistent with a bathtub-shaped hazard

Modern Journal of Statistics Volume 2, Issue 1, 32-74



67

function where the wear-out phase dominates.

CDF Plot
Q |
o
©
~ ©O
X
LL —— Obulezi
N —— Lindley
© —— Shanker
—— Pranav
N Xgamma
o | = Chris-Jerry
—— Updated Lindley
—— Rani
0 100 200 300 400
X
Q-Q Plot
o o0 [ ] L]
o —
#
U) oo o o )
Q (@] .g.oo °
= o -
[ o
g (90}
-
O o o®
Iy 8 ] ° o ¢ Obulezi
2 . oo e Lindley
= ° o® e Shanker
g- Q o o=  Pranav
w 8 N e 70 Xgamma
o e Chris-Jerry
Ry * Updated Lindley
O — e tA” e Rani
0 100 200 300 400

Theoretical Quantiles
Figure 21. CDF, Probability-Probability (P-P), Quantile-Quantile (Q-Q) and Survival function

plots for Data I

Modern Journal of Statistics

Empirical Probability

S(x)
0.4 0.6

0.8

0.6

0.4

0.2

1.0

0.8

0.2

P-P Plot

Obulezi

Lindley

Shanker

Pranav
Xgamma
Chris=Jerry
Updated Lindley
Rani

| | | |
02 04 06 08

Theoretical Probability

Survival Function Plot

Obulezi

Lindley

Shanker

Pranav
Xgamma
Chris-Jerry
Updated Lindley
Rani

100

Volume 2, Issue 1, 32-74



68

F(X)

Empirical Quantiles

1.0

00 02 04 06 0.8

20 30 40 50

10

CDF Plot

Obulezi
Lindley
Shanker

Pranav
Xgamma
Chris=Jerry
Updated Lindley
Rani

40 50

° Obulezi
Lindley
Shanker
Pranav
Xgamma

e Chris-Jerry

o Updated Lindley
* Rani

0 10 20 30 40 50

Theoretical Quantiles

Empirical Probability

S(x)
00 02 04 06 08 1.0

1.0

0.0 02 04 06 0.8

P-P Plot

Obulezi
Lindley
Shanker
Pranav
Xgamma
Chris=Jerry
Updated'Lind|
Rani

| | | | | |
02 04 06 08 10

Theoretical Probability

Survival Function Plot

Obulezi

Lindley

Shanker

Pranav
Xgamma
Chris-Jerry
Updated Lindley
Rani

]

Figure 22. CDF, Probability-Probability (P-P), Quantile-Quantile (Q-Q) and Survival function

plots for Data II
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Figure 23. CDF, Probability-Probability (P-P), Quantile-Quantile (Q-Q) and Survival function
plots for Data III

The goodness-of-fit plots for Data I, Data II and Data III in Figures 21, 22, and 23 respectively visually
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confirm the statistical findings, demonstrating how well each theoretical distribution fits the empirical data.
Across all four plots—the CDF Plot, Probability-Probability (P-P) Plot, Quantile-Quantile (Q-Q) Plot, and
Survival Function Plot—the Obulezi and Updated Lindley distributions are visually the best-fitting models
as their lines lie closest to the empirical data points (in the CDF and Survival plots) or are tightest around
the diagonal reference line (in the P-P and Q-Q plots). Specifically, in the Q-Q plot, the points for Obulezi
and Updated Lindley are the nearest to the dashed diagonal line, indicating that their theoretical quantiles
closely match the empirical quantiles. Conversely, the xgamma distribution consistently shows the worst
fit, as its line (yellow) is the furthest from the empirical data points in the CDF and Survival plots, and its
quantiles (in the Q-Q plot) and probabilities (in the P-P plot) deviate most significantly from the diagonal
line, confirming its poor performance.

7. Conclusion and Future Work

In this study, we successfully introduced and rigorously analyzed the Obulezi distribution, a novel,
single-parameter continuous probability model formulated to enhance the flexibility and descriptive power
of distributions in the Lindley class. We derived and explored several essential mathematical properties,
including the complete and incomplete moments, the moment generating function, the mean residual life
function, and the stress-strength reliability function, demonstrating the model’s analytical tractability. We
also established that the distribution is stochastically ordered with respect to its scale parameter, p.

A major contribution of this work lies in the extensive evaluation of parameter estimation methods.
We not only utilized the Maximum Likelihood Estimator (MLE) but also employed fourteen competing
estimation techniques (a total of 15 methods) in both simulation studies and real-data applications across
three distinct datasets. Crucially, the empirical analysis demonstrated the Obulezi distribution’s significant
practical utility in modeling diverse lifetime datasets. The Log-likelihood profiles confirmed the unique-
ness and stability of the parameter estimation via the Maximum Likelihood method. Furthermore, graphical
assessment via Quantile-Quantile (Q-Q) plots showed a close fit between the theoretical Obulezi model
and the observed data across varying scales, providing strong visual validation. The TTT plots consistently
suggested that the distribution is particularly effective for modeling phenomena exhibiting an increasing
failure rate (IFR), a feature common in certain reliability and survival studies where initial mortality is low.
Ultimately, the Obulezi distribution presents itself as a parsimonious, robust, and highly competitive alter-
native to established single-parameter models like the Exponential and Lindley distributions for modeling
positively skewed lifetime data.

The comprehensive framework established here opens several promising avenues for future research:

(a) Since the Obulezi distribution can only model the IFR, introducing an additional shape parameter
will enhance its flexibility, and ultimately make it fit a decreasing failure rate (DFR) situation.

(b) Generalization and Extension: Future work could involve introducing one or more additional shape
or scale parameters to create a generalized or flexible version of the Obulezi distribution. This will
enhance its flexibility to model more complex non-monotonic hazard rate patterns, such as bathtub or
unimodal shapes, expanding its applicability beyond DHR data.

(c) Discrete Compounding: Following the tradition of the Lindley family, the Obulezi distribution can
be used as a compounding distribution with a discrete model, such as the Poisson or Binomial, to
generate new count distributions (e.g., the Poisson-Obulezi distribution). This would allow the model
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to be applied in fields like quality control and reliability, where discrete count data (e.g., number of
failures) are common.

(d) Bivariate and Multivariate Forms: Developing bivariate or multivariate extensions of the Obulezi
distribution would allow it to model dependent survival times, making it valuable for analyses in fields
like clinical trials or reliability engineering involving paired or grouped data.

(e) Bayesian Inference and Regression: Exploring Bayesian estimation methods for the parameter p, po-
tentially using different prior distributions, would provide a robust alternative to classical MLE. Addi-
tionally, integrating the Obulezi distribution into a regression framework would allow for modeling
the effect of covariates on the lifetime variable.
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