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ABSTRACT 
This study introduces the modified Weibull Arctan (MWArctan) 

distribution, a new model derived from the Modified Weibull-G (MWG) family 

using the Arctan function as a generator. The theoretical formulation of the 

distribution is presented through derivations of its probability density function, 

cumulative distribution function, survival function, and hazard function. 

Analytical expansions are developed to simplify the computation of statistical 

properties, moments, and the quantile function. Three parameter estimation 

methods were evaluated through a Monte Carlo simulation across various 

sample sizes. The MLE method consistently produced the most efficient and 

stable estimates, exhibiting the lowest bias, MSE, and RMSE values. In 

contrast, LSE demonstrated lower bias only for small samples, but higher 

variance. The practical applicability of the MWArctan model was verified 

using real-life data from 40 turbochargers in diesel engines. The proposed 

model achieved the best fit compared to six competing Arctan-based 

distributions, as indicated by specific information criteria and goodness-of-fit 

tests. Graphical comparisons confirmed its superior flexibility in capturing both 

the central tendency and tail behavior of the empirical data. These results 

establish MWArctan as a robust and adaptable model for analyzing reliability 

and lifetime data.

doi:%20https://doi.org/10.64389/mjs.2026.02139
mailto:Nooruldeen.a.noori35508@st.tu.edu.iq
mailto:khderalakkari1990@gmail.com
mailto:mun880088@tu.edu.iq
mailto:faisalali@taiz.edu.ye
mailto:drgizachew322@gmail.com
mailto:alexhabineza@kp.ac.rw
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/#CC
https://creativecommons.org/licenses/by/4.0/#CC


113  
 

 

 

Modern Journal of Statistics                                                                                                       Volume 2, Issue 1, 112–137 
 

1. Introduction 
Probability distributions play a fundamental role in applied and theoretical statistics, helping to represent data and 

understand the behavior of random phenomena. A large group of statistical distribution families has emerged, such as 

(Inverted Topp–Leone-H family [1], Shifted Exponential-G (SHE-G) generator [2], Novel Logarithmic Approach [3], 

NGLog-X Family [4], Lomax extended exponentiated-X [5], Odd Lomax-G family [6], Generalized Odd Maxwell-Generated 

[7], hybrid odd exponential [8], Modified type-II family [9]). Among the important statistical families is the Modified 

Weibull-G (MWG) family [10], [11], which has proven its flexibility in representing a wide variety of data types. It has the 

following CDF and PDF functions, respectively: 

 

𝐺(𝑥) = 1 − 𝑒
−𝛿(

(𝐹(𝑥))
2

1−𝐹(𝑥)
)

𝛽

, 𝑥 ≥ 0, 𝛿, 𝛽 > 0, 
(1) 

 

𝑔(𝑥) = 𝛿𝛽𝑒
−𝛿(

(𝐹(𝑥))
2

1−𝐹(𝑥)
)

𝛽

(
(𝐹(𝑥))

2

1 − 𝐹(𝑥)
)

𝛽−1
𝐹(𝑥)𝑓(𝑥)(2 − 𝐹(𝑥))

(1 − 𝐹(𝑥))
2 , 𝑥 ≥ 0, 𝛿, 𝛽 > 0, (2) 

where 𝛿, 𝛽 are shape and scale parameters for MWG respectively, and 𝐹(𝑥), 𝑓(𝑥) are CDF and pdf for any baseline 

distribution respectively and 𝑥 is any random variable.  

The Cauchy distribution is a continuous distribution and has the following CDF and pdf functions, respectively : 

 
𝐹(𝑥) =

2

𝜋
arctan (

𝑥

𝛾
) , 𝑥 ∈ ℝ, 𝛾 > 0, (3) 

 
𝑓(𝑥) =

2

𝜋𝛾 (1 + (
𝑥
𝛾
)
2
)
, 𝑥 ∈ ℝ, 𝛾 > 0. 

(4) 

The Arctan distribution is directly related to the standard half-Cauchy distribution (0,∞) with scale parameter (𝛾 =
1). The half-Cauchy distribution is a continuous distribution derived from Cauchy, but it is restricted to positive values. It 

has a scale parameter that controls the width of the distribution. It does not have a defined mean or variance and is a dense-

tailed model. It is often used as a priority for scale parameters in Bayesian theory. These properties make the Arctan basis 

suitable for representing positive data with heavy tails. It has CDF and pdf functions, respectively, as follows : 

 
𝐹(𝑥) =

2

𝜋
arctan(𝑥) , 𝑥 ≥ 0, (5) 

 
𝑓(𝑥) =

2

𝜋(1 + 𝑥2)
, 𝑥 ≥ 0. (6) 

The importance of the proposed distribution lies in its high flexibility in representing heavy-tailed data or data that 

require more precise characterization than classical distributions such as half-Cauchy or Cauchy. Furthermore, the proposal 

was supported by a Monte Carlo simulation study and real data to evaluate the efficiency of the new model compared to 

other well-known distributions . 

The research aims to establish an explicit definition of the MWArctan distribution within the MWG framework and 

derive the basic functions required for analysis and fitting, while illustrating their behavior graphically. It also aims to 

evaluate the efficiency of the three estimation methods (MLE, LSE, and WLSE) through a regularized Monte Carlo 

simulation, measure performance using statistical metrics, and then apply the distribution to failure time data from 40 

turbochargers. 

 

2. Modified Weibull Arctan (MWArctan) distribution  

The CDF function of MWArctan distribution can be founded by combining Equation (5) with Equation (1) to get a 

form:  

 

𝑮(𝒙) = 𝟏 − 𝒆

−𝜹(
(
𝟐
𝝅
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙))

𝟐

𝟏−
𝟐
𝝅
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙)

)

𝜷

,

 

(7) 

while the pdf function of MWArctan distribution can be founded by derivative Equation (7) to get a form:  
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 𝒈(𝒙)

= 𝟒𝜹𝜷𝒆

−𝜹(
(
𝟐
𝝅
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙))

𝟐

𝟏−
𝟐
𝝅
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙)

)

𝜷

(
(
𝟐
𝝅𝒂𝒓𝒄𝒕𝒂𝒏

(𝒙))
𝟐

𝟏 −
𝟐
𝝅
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙)

)

𝜷−𝟏

𝒂𝒓𝒄𝒕𝒂𝒏(𝒙) (𝟐 −
𝟐
𝝅𝒂𝒓𝒄𝒕𝒂𝒏

(𝒙))

𝝅𝟐 (𝟏 −
𝟐
𝝅
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙))

𝟐

(𝟏 + 𝒙𝟐)

. 
(8) 

Figures 1 and 2 illustrate the behavior of the CDF and pdf functions for different levels of parameters. 

 

 

Figure 1. Plot CDF function for MWArctan distribution with different values of parameters 

 

Figure 2. Plot pdf function for MWArctan distribution with different values of parameters 

Figure 1 shows that curves with large 𝛿 accelerate early and reach 0.5 at smaller 𝑥 values, implying faster probability 

accumulation in the left-hand part of the domain. The cases 𝛿 =  5.00, 𝛽 =  1.50, 𝛿 =  7.00, and 𝛽 =  2.00 cross the center 

quickly and then stabilize near unity before 𝑥 ≈  1.5. In contrast, the curves with large 𝛽 and small δ lag horizontally and 

then rise sharply around the center. The cases with 𝛿 =  1.00 and 𝛽 =  4.50 reach 0.5 at relatively large 𝑥 and then continue 

the climb smoothly. The cases with 𝛿 =  3.00 and 𝛽 =  1.00 show an early but gradual rise, reflecting a wider spread of 

mass. Differences in the slope of the CDF around the center reveal differences in dispersion. A steeper slope means less 

dispersion, and a lower slope means more dispersion. 

Figure 2 shows the sensitivity of the peak location and breadth of the distribution to changes in 𝛿 and 𝛽. As β increases 

with relatively small 𝛿, a more concentrated curve appears with a higher peak at slightly larger x values. The case of 𝛿 =
 1.00 and 𝛽 =  4.50 gives a high peak with a location close to 1.4 with less dispersion around the peak. The case of 𝛿 =
 2.00 and 𝛽 =  3.50 remains high-peaked but less steep and with a peak closer to 1.3. As 𝛿 increases and 𝛽 decreases, the 

curve shifts to the left and becomes broader and lower-peaked. The cases of 𝛿 =  5.00 and 𝛽 =  1.50 and 𝛿 =  7.00 and 

𝛽 =  2.00 show early peaks near 0.7 − 1.0 with faster-falling tails after the peak. With 𝛽 =  1.00 and 𝛿 =  3.00, the peak 
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becomes relatively flat, and the right tail lengthens slightly. The general reading is that increasing 𝛿 pushes the mass to the 

left and accelerates the early density rise, while increasing 𝛽 pushes the mass to the right, raising the peak and intensifying 

concentration around it. The variation in peak height and amplitude across the six pairs demonstrates the remarkable shape 

flexibility of the distribution and its ability to represent data with early or late peaks and varying tails. 

 

3. Some Properties for MWArctan distribution 

3.1 Survival Analysis of MWArctan distribution 
The survival function 𝑆(𝑥) expresses the probability of an individual surviving until time 𝑥 or later, and is known as 

[12], [13], [14]: 

 

 𝑆(𝑥) = 𝑃(𝑋 > 𝑥) = 1 − 𝐹(𝑥)  

 

𝑆(𝑥) = 𝑒

−𝛿(
(
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2

1−
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥)

)

𝛽

.

 

(9) 

 

Figures 3 illustrate the behavior of the survival function for different levels of parameters. 

 

 
Figure 3. Plot Survival function for MWArctan distribution with different values of 

parameters 

 

Figure 3 is the complement of the CDF and reflects the same behavior in reverse. Pairs with large 𝛿 decline earlier 

and with a pronounced slope, indicating shorter lifetimes and lower survival probability at small values of 𝑥. This is consistent 

with early pdf peaks and a rapid CDF crossing through half. This behavior is useful for reliability and failure times, because 

adjusting 𝛿 determines the timing of early risks, and adjusting 𝛽 determines the severity of risks around the intermediate life 

and the shape of the tail later. 

The hazard function ℎ(𝑥) represents the instantaneous rate of failure at time 𝑥 subject to survival until that time, and 

is given by [15], [16], [17]: 

 

 
ℎ(𝑥) = lim

∆𝑥→∞

𝑃((𝑥 < 𝑋 < 𝑥 + ∆𝑥)|𝑋 ≥ 𝑥)

∆𝑥
=
𝑓(𝑥)

𝑆(𝑥)
  

 

ℎ(𝑥) =
4𝛿𝛽 𝑎𝑟𝑐𝑡𝑎𝑛(𝑥) (2 −

2
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

(𝑥))

𝜋2 (1 −
2
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

(𝑥))
2

(1 + 𝑥2)

(
(
2
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

(𝑥))
2

1 −
2
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

(𝑥)
)

𝛽−1

. (10) 

 

3.2 Expansion CDF and pdf of MWArctan distribution 
The main goal of expansion is to rewrite complex functions in alternative forms (such as infinite series, elementary 
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functions, or integrals) to facilitate mathematical analysis, such as differentiation, integration, and finding statistical properties 

(such as mean and variance) that are difficult to calculate directly from the original form, which is the case for the MWArctan 

distribution. Starting with the expansion of the CDF function as follows: 

Since  

 
𝑒−𝑥 =∑

(−1)𝑖

𝑖!
𝑥𝑖.

∞

𝑖=0

  

Then  

 

𝑒

−𝛿(
(
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2

1−
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥)

)

𝛽

=∑
(−1)𝑖

𝑖!
𝛿𝑖

(
2
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

(𝑥))
2𝛽𝑖

(1 −
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

𝛽𝑖

∞

𝑖=0

, 
 

and since  

 
(1 − 𝑥)−𝑛 =∑

𝛤(𝑛 + 𝑗)

𝑗! 𝛤(𝑛)

∞

𝑗=0

𝑥𝑗;   |𝑛| < 1, 𝑛 > 0.  

Then  

 
(1 −

2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

−𝛽𝑖

=∑
𝛤(𝛽𝑖 + 𝑗)

𝑗! 𝛤(𝛽𝑖)

∞

𝑗=0

(
2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

𝑗

.  

To get:  

 

𝑒

−𝛿(
(
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2

1−
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥)

)

𝛽

=∑∑
(−1)𝑖𝛤(𝛽𝑖 + 𝑗)

𝑖! 𝑗! 𝛤(𝛽𝑖)
𝛿𝑖 (

2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2𝛽𝑖+𝑗∞

𝑗=0

∞

𝑖=0

 
 

Hence a final form is: 

 
𝐺(𝑥) = 1 − 𝔛(

2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2𝛽𝑖+𝑗

, (11) 

where 𝔛 = ∑ ∑
(−1)𝑖𝛤(𝛽𝑖+𝑗)

𝑖!𝑗!𝛤(𝛽𝑖)
𝛿𝑖∞

𝑗=0
∞
𝑖=0 . 

The CDFα has a form: 

 

𝐺𝛼(𝑥) =

(

  
 
1 − 𝑒

−𝛿(
(
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2

1−
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥)

)

𝛽

)

  
 

𝛼

. (12) 

Can be expanded as following: since (1 − t)a = ∑ (−1)j (a
j
)∞

j=0 tj;  |t| < 1, a > 0, to get: 

 

(

  
 
1 − 𝑒

−𝛿(
(
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2

1−
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥)

)

𝛽

)

  
 

𝛼

=∑(−1)𝑘 (
𝛼

𝑘
)𝑒

−𝛿𝑘(
(
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2

1−
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥)

)

𝛽

,

∞

𝑘=0

  

since e−x = ∑
(−1)i

i!
xi∞

i=0 , then: 

 

𝑒

−𝛿𝑘(
(
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2

1−
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥)

)

𝛽

=∑
(−1)𝑡

𝑡!
𝛿𝑡𝑘𝑡

(
2
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

(𝑥))
2𝑡𝛽

(1 −
2
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

(𝑥))
𝑡𝛽

∞

𝑡=0

, 
 

and (1 − x)−n = ∑
Γ(n+j)

j!Γ(n)
∞
j=0 xj;   |n| < 1, n > 0, we get: 
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(1 −

2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

−𝑡𝛽

=∑
𝛤(𝑡𝛽 + 𝑠)

𝑠! 𝛤(𝑡𝛽)

∞

𝑠=0

(
2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

𝑠

.  

To get a final expansion form: 

 
𝐺𝛼(𝑥) = 𝒲(

2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2𝑡𝛽+𝑠

, (13) 

where 𝒲 = ∑ ∑ ∑
(−1)k+tΓ(tβ+s)

t!s!Γ(tβ)
(α
k
)δtkt∞

s=0
∞
t=0

∞
k=0 . 

By same way in to expand CDF and CDFα can be expand the pdf to get a pdf expand form: 

 

𝑔(𝑥) = 𝔸(
2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2𝛽(𝑖+1)+𝑧−1 (2 −
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

(1 + 𝑥2)
, (14) 

where 𝔸 = ∑ ∑
(−1)𝑖𝛤{𝛽(𝑖+1)+1+𝑧}

𝜋𝑖!𝑧!𝛤(𝑧)𝛿−(𝑖+1)
2𝛽∞

𝑧=0
∞
𝑖=0 . 

3.3 Moment function of MWArctan distribution 
In mathematical statistics and probability theory, there is no independent entity called a "moment function" Instead, 

the term "moments" refers to a family of numerical values that describe important properties of the probability distribution of 

a random variable. These are numerical coefficients that summarize the shape, position, and spread of the probability 

distribution curve. The function's mission is precisely to provide a systematic way to calculate all these moments from a single 

function. The moment of order 𝑛 about the origin of a random variable 𝑋 is defined as the expected value of the 𝑛-power of 

the variable, and defined by form [18], [19], [20]: 

 

𝜇𝑛 = 𝐸(𝑥
𝑛) = ∫ 𝑥𝑛𝑔(𝑥)𝑑𝑥

∞

−∞

= 𝔸(
2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2𝛽(𝑖+1)+𝑧−1 (2 −
2
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

(𝑥))

(1 + 𝑥2)
.  

The moment for MWArctan distribution can be founded by substitute Equation (14) in above equation to get a form: 

 

𝜇𝑛 = 2𝔸∫ 𝑥𝑛 (
2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

𝛾 (1 −
1
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

(1 + 𝑥2)
𝑑𝑥,

∞

0

 
 

where 𝛾 = 2𝛽(𝑖 + 1) + 𝑧 − 1. 

Let 𝑢 = 𝑎𝑟𝑐𝑡𝑎𝑛(𝑥) ⟹ 𝑥 = 𝑡𝑎𝑛(𝑢) ⟹ 𝑑𝑥 =
𝑑𝑢

1−𝑡𝑎𝑛2(𝑢)
= cos2(𝑢) 𝑑𝑢 

But 
𝑑𝑥

1+𝑥2
= 𝑑𝑢 

Also, when 𝑥 = 0 ⟹ 𝑢 = 0, 𝑥 = ∞⟹ 𝑢 =
𝜋

2
 

Then we get: 𝑥𝑛 = 𝑡𝑎𝑛𝑛(𝑢), 
2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥) =

2

𝜋
𝑢, and 1 −

1

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥) = 1 −

𝑢

𝜋
 

 

𝜇𝑛 = 𝔸
2𝛼+1

𝜋𝛼
∫ 𝑡𝑎𝑛𝑛(𝑢)

∞

0

𝑢𝛾 (1 −
𝑢

𝜋
)𝑑𝑢  

 

𝜇𝑛 = 𝔸
2𝛼+1

𝜋𝛼

{
 

 

∫ 𝑡𝑎𝑛𝑛(𝑢)

𝜋
2

0

𝑢𝛾𝑑𝑢 −
1

𝜋
∫ 𝑡𝑎𝑛𝑛(𝑢)

𝜋
2

0

𝑢𝛾+1𝑑𝑢

}
 

 

  

Set 𝑣 =
2𝑢

𝜋
,⟹ 𝑢 =

𝜋𝑣

2
⟹ 𝑑𝑢 =

𝜋

2
𝑑𝑣, 𝑣 ∈ [0,1] 

 

𝜇𝑛 = 𝔸
𝜋

2
∫𝑣𝛾(2 − 𝑣) 𝑡𝑎𝑛𝑛 (

𝜋𝑣

2
)

1

0

𝑑𝑣  

Notice that  

 𝑓(𝑣) =
𝑣𝛾(1−𝑣)

𝐵𝑒𝑡𝑎(𝛾+1,2)
    ,     𝑣 ∈ [0,1],  

where 𝐵𝑒𝑡𝑎(𝛾 + 1,2) is density beta random variable  𝑈, such that 𝑈~𝐵𝑒𝑡𝑎(𝛾 + 1,2) =
1

(𝛾+1)(𝛾+2)
, then we get: 

 
𝜇𝑛 =

𝜋𝔸

2(𝛾 + 1)(𝛾 + 2)
𝐸𝑈~𝐵𝑒𝑡𝑎(𝛾+1,2) (

2 − 𝑈

1 − 𝑈
𝑡𝑎𝑛𝑛(𝑈)). (15) 
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3.4 Quantile function of MWArctan distribution 
The quantile function, also known as the piecewise function, is a fundamental concept in introductory and 

nonparametric statistics. It can be precisely defined as follows  [21], [22]: 

Let 𝑋 be any random variable with a CDF is 𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥). The quantile function 𝑄(𝑞) is defined as the inverse 

of the CDF. Mathematically, it is defined for any probability 𝑞 (where 0 < 𝑞 < 1) as: 𝑄(𝑞) = 𝐹−1(𝑞) =
 𝑖𝑛𝑓{𝑥 ∈ 𝑅: 𝐹𝑋(𝑥) ≥ 𝑞}. Therefore, 𝑄(𝑞) is the smallest value of 𝑥 for which the cumulative distribution 𝐹(𝑥) is at least 

equal to the probability 𝑞. then the quantile function of  MWArctan distribution can be founded by put: 

 

𝑞 = 1 − 𝑒

−𝛿(
(
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2

1−
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥)

)

𝛽

 

𝑞 = 1 − 𝑒

−𝛿(
(
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2

1−
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥)

)

𝛽

 

1 − 𝑞 = 𝑒

−𝛿(
(
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2

1−
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥)

)

𝛽

 

−
ln(1 − 𝑞)

𝛿
= (

(
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2

1 −
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥)

)

𝛽

 

{−
ln(1 − 𝑞)

𝛿
}

1
𝛽

=
(
2
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

(𝑥))
2

1 −
2
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

(𝑥)
 

{−
ln(1 − 𝑞)

𝛿
}

1
𝛽

(1 −
2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥)) = (

2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2

 

 

But 𝑘 = {−
ln(1−𝑞)

𝛿
}

1

𝛽
 

 
 𝑘 (1 −

2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥)) = (

2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2

 

(
2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥))

2

+ 𝑘
2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥) − 𝑘 = 0 

2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥) =

−𝑘 ∓ √𝑘2 − 4𝑘

2
 

𝑎𝑟𝑐𝑡𝑎𝑛(𝑥) = 𝜋
−𝑘 ∓ √𝑘2 − 4𝑘

4
 

 

Hence we get: 

 
𝑥 = tan(𝜋

−𝑘 ∓ √𝑘2 − 4𝑘

4
)  

Or  

 

𝑄(𝑥) = 𝑄𝑞

(

 
 
 

tan

(

 
 
 

𝜋

− {−
ln(1 − 𝑞)

𝛿 }

1
𝛽
∓√{−

ln(1 − 𝑞)
𝛿 }

2
𝛽
− 4 {−

ln(1 − 𝑞)
𝛿 }

1
𝛽

4

)

 
 
 

)

 
 
 

. (16) 

Table 1 displays the quantile function values for the MWArctan distribution under various parameters (𝛿, 𝛽). The table 

shows the quantile values at selected probability levels (𝑢 = 0.125, 0.250, 0.375, 0.500, 0.625, 0.750, and 0.875), which are 

the points below which a given portion of the data falls. The table includes five parameter combinations. 
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Table 1: Explanation of the Quantile function for MWArctan distribution 

𝒒 
(𝜹, 𝜷) 

(2.2,1.7) (1.6,2.8) (2.3,0.9) (1.9,3.3) (2,2.8) 
𝟎. 𝟏𝟐𝟓 0.6189987 0.9044612 0.3001519 0.9436321 0.8683346 

𝟎. 𝟐𝟓𝟎 0.7731986 1.0431397 0.4502865 1.0659309 1.0003294 

𝟎. 𝟑𝟕𝟓 0.8947539 1.1455507 0.5850569 1.1543913 1.0975372 

𝟎. 𝟓𝟎𝟎 1.0072326 1.2355546 0.7226117 1.2309576 1.1828230 

𝟎. 𝟔𝟐𝟓 1.1225357 1.3235862 0.8770888 1.3047954 1.2661159 

𝟎. 𝟕𝟓𝟎 1.2541424 1.4194085 1.0713531 1.3840786 1.3566603 

𝟎. 𝟖𝟕𝟓 1.4341556 1.5433076 1.3712102 1.4849736 1.4734932 

The results of Table 1 show a clear upward trend in quantile values as 𝑢 increases, confirming the monotonic property of 

the quantile function. For example, when comparing the effect of the parameters, we note that small values of β lead to lower 

quantile values at the same probability level, reflecting a more left-tailed distribution. Large values of 𝛽, on the other hand, 

raise the quantile values more rapidly, indicating a heavier right tail. Thus, the table shows how the parameters affect the 

shape and spread of the MWArctan distribution, highlighting its flexibility in representing data with different patterns of 

skewness and kurtosis. 

The measurements of skewness (𝑆) and kurtosis (𝐾) based on Quantile function were defined as follows [23], [24]: 

 

 
𝑆 =

𝑄(0.750) − 2𝑄(0.500) + 𝑄(0.250)

𝒬(0.750) − 𝒬(0.250)
, (17) 

 
𝐾 =

𝑄(875) − 𝑄(0.625) + 𝑄(0.375) − 𝑄(0.125)

𝑄(0.750) − 𝑄(0.250)
. (18) 

From Table 1 the skewness and kurtosis for all cases have a following value: 

Case 1 
𝑆 = 0.026772  

𝐾 = 1.221297  

Case 2 
𝑆 = −0.022752  

𝐾 = 1.224685  

Case 3 
𝑆 = 0.123040  

𝐾 = 1.254336  

Case 4 
𝑆 = −0.037422  

𝐾 = 1.228792  

Case 5 
𝑆 = −0.024293  

𝐾 = 1.225209  

From the above values it is clear that the distribution generates a slight right or left skew with the thickness of the edges 

being almost constant across the cases. 

 

4. Estimation 
Maximum Likelihood Estimation (MLE) is the most popular and widely used estimation method due to its wide 

acceptance in a very large body of research and also because it is easy to find compared to other methods. Suppose 

𝑋1, 𝑋2, … , 𝑋𝑛 are random samples of size n from the MWArctan distribution with unknown parameters (𝛿, 𝛽) defined in 

advance. The maximum likelihood function will be [25], [26]: 

 
𝐿( Θ, 𝑋) =∏𝑔(𝑥𝑖; Θ)

𝑛

𝑖=1

,       Θ = (𝛿, 𝛽). (19) 

By substituting pdf function for MWArctan distribution of Equation (8) in Equation (19) to get a form: 

 𝐿

=∏4𝛿𝛽𝑒

−𝛿(
(
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥𝑖))

2

1−
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥𝑖)

)

𝛽

(
(
2
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

(𝑥𝑖))
2

1 −
2
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

(𝑥𝑖)
)

𝛽−1

𝑎𝑟𝑐𝑡𝑎𝑛(𝑥𝑖) (2 −
2
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

(𝑥𝑖))

𝜋2 (1 −
2
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

(𝑥𝑖))
2

(1 + 𝑥𝑖
2)

𝑛

𝑖=1

. 
(20) 
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Take normal logarithm for Equation (20) to get: 

 
𝐿 = 𝑛 ln 4 + 𝑛 ln 𝛿 + 𝑛 ln𝛽 − 𝛿∑𝐴𝑖

𝛽
𝑛

𝑖=0

+ (𝛽 − 1)∑ ln(𝐴𝑖)

𝑛

𝑖=0

+∑𝐶𝑖

𝑛

𝑖=0

, (21) 

where 𝐴𝑖 =
(
2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥𝑖))

2

1−
2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥𝑖)

, and 𝐶𝑖 = ln(𝑎𝑟𝑐𝑡𝑎𝑛(𝑥𝑖)) + ln (2 −
2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥𝑖)) − 2 ln(𝜋) − 2 ln (1 −

2

𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥𝑖)) −

ln(1 + 𝑥𝑖
2). 

Then by derivative Equation (21) to  𝛿 and 𝛽 to get: 

 𝜕𝐿

𝜕𝛿
=
𝑛

𝛿
−∑𝐴𝑖

𝛽
𝑛

𝑖=0

,  

 𝜕𝐿

𝜕𝛽
=
𝑛

𝛽
− 𝛿∑𝐴𝑖

𝛽
ln(𝐴𝑖)

𝑛

𝑖=0

+∑ ln(𝐴𝑖)

𝑛

𝑖=0

. 

 

Closed-form update for  𝛿 given  𝛽 

 𝛿(𝛽) =
𝑛

∑ 𝐴𝑖
𝛽𝑛

𝑖=0

.  

Single-equation in 𝛽 after plugging 𝛿(𝛽): 
 

0 =
𝑛

𝛽
− 𝑛

∑ 𝐴𝑖
𝛽
ln(𝐴𝑖)

𝑛
𝑖=0

∑ 𝐴𝑖
𝛽𝑛

𝑖=0

+∑ ln(𝐴𝑖)

𝑛

𝑖=0

. 

 

Solve numerically for 𝛽̂, then set 𝛿 = 𝛿(𝛽̂). Hessian (for joint Newton or standard errors) 

 𝜕2𝐿

𝜕𝛿2
= −

𝑛

𝛿2
,  

 𝜕2𝐿

𝜕𝛽2
= −

𝑛

𝛽2
− 𝛿∑𝐴𝑖

𝛽
{ln(𝐴𝑖)}

2

𝑛

𝑖=0

, 

 

 𝜕2𝐿

𝜕𝛿𝜕𝛽
= −∑𝐴𝑖

𝛽
ln(𝐴𝑖)

𝑛

𝑖=0

. 
 

Least squares estimation (LSE) is done by choosing the values that minimize the sum of squares of the differences 

between the observed values and the model output and is given by the equation below [27], [14], [28]: 

 
𝜑(𝜗) =∑[𝐺(𝑥𝑖) −

𝑖

𝑛 + 1
]
2𝑚

𝑖=1

,  

 

𝜑(𝜗) =∑

[
 
 
 
 
 

1 − 𝑒

−𝛿(
(
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥𝑖))

2

1−
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥𝑖)

)

𝛽

−
𝑖

𝑛 + 1

]
 
 
 
 
 
2

𝑚

𝑖=1

. (22) 

Weighted Least squares estimation (WLSE) is done by choosing the values that minimize the sum of squares of the 

differences between the observed values and the model output with adding weight (Similar to LSE but with added weight to 

the function) and is given by the equation below [10], [29]: 

 
𝑊(𝜗) =∑𝑊𝑖 [𝐺(𝑥𝑖) −

𝑖

𝑛 + 1
]
2𝑚

𝑖=1

,  

 

𝑊(𝜗) =∑𝑊𝑖

[
 
 
 
 
 

1 − 𝑒

−𝛿(
(
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥𝑖))

2

1−
2
𝜋
𝑎𝑟𝑐𝑡𝑎𝑛(𝑥𝑖)

)

𝛽

−
𝑖

𝑛 + 1

]
 
 
 
 
 
2

𝑚

𝑖=1

. (23) 
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5. Simulation 

A comprehensive Monte Carlo simulation study was conducted to evaluate the performance of the finite sample 

characteristics of three different estimation methods: MLE, LSE, and WLSE, in estimating the shape (𝛽) and scale (𝛿) 

parameters of the MWArct distribution. The simulations were performed for two different levels of true parameter values 

and a wide range of sample sizes (𝑁) ranging from 20 to 500, with a large number of iterations (4000) to ensure the reliability 

of the results. Performance was measured using four main statistical measures: mean estimates (Mean) [30], [29], bias (Bias) 

[31], [28], mean square error (MSE) [32], [33], and root mean square error (RMSE) [34], [35]. 
 

Table 2: Monte Carlo simulation of MWArctan distribution where 𝛿 = 2.9, 𝛽 = 2.1 

Est. 
Ess. 

Par. 

𝑁 = 20 𝑁 = 40 

MLE LSE WLSE MLE LSE WLSE 

Mean 
𝜹̂ 3.3038298 3.0679893 3.0897609 3.0662717 2.94713065 2.96956655 

𝜷̂ 2.2575962 2.08926501 2.11280219 2.17222282 2.09308989 2.11139148 

MSE 
𝜹̂ 1.3803590 5.6633163 4.7778604 0.4068573 0.63047420 0.52222413 

𝜷̂ 0.2088959 0.24653453 0.22161075 0.08415180 0.11386231 0.09721603 

RMSE 
𝜹̂ 1.1748868 2.3797723 2.1858318 0.6378537 0.79402406 0.72265077 

𝜷̂ 0.4570513 0.49652244 0.47075551 0.29008929 0.33743490 0.31179486 

Bias 
𝜹̂ 0.4038298 0.1679893 0.1897609 0.1662717 0.04713065 0.06956655 

𝜷̂ 0.1575962 0.01073499 0.01280219 0.07222282 0.00691010 0.01139148 

Est. 
Ess. 

Par. 

𝑁 = 100 𝑁 = 150 

MLE LSE WLSE MLE LSE WLSE 

Mean 
𝜹̂ 2.97602314 2.92205335 2.94051377 2.93806467 2.90711229 2.91979952 

𝜷̂ 2.13250906 2.09884812 2.11124217 2.12096942 2.09929554 2.10870052 

MSE 
𝜹̂ 0.12753336 0.16850933 0.14062127 0.07864686 0.11365191 0.09231051 

𝜷̂ 0.03032009 0.04156276 0.03439618 0.01885777 0.02721653 0.02224460 

RMSE 
𝜹̂ 0.35711814 0.41049888 0.37499503 0.28044047 0.33712298 0.30382644 

𝜷̂ 0.17412666 0.20386946 0.18546206 0.13732358 0.16497434 0.14914626 

Bias 
𝜹̂ 0.07602314 0.02205335 0.04051377 0.03806467 0.00711229 0.01979952 

𝜷̂ 0.03250906 0.00115187 0.01124217 0.02096942 0.00070445 0.00870052 

Est. 
Ess. 

Par. 

𝑁 = 200 𝑁 = 300 

MLE LSE WLSE MLE LSE WLSE 

Mean 
𝜹̂ 2.93457593 2.91256044 2.92142243 2.92064365 2.90229401 2.91051317 

𝜷̂ 2.11442918 2.09973577 2.10634303 2.10981479 2.09805558 2.10347861 

MSE 
𝜹̂ 0.05740656 0.08222485 0.06571842 0.03626660 0.05290299 0.04206322 

𝜷̂ 0.01394798 0.02034188 0.01623489 0.00940404 0.01347386 0.01084048 

RMSE 
𝜹̂ 0.23959666 0.28674875 0.25635604 0.19043791 0.23000650 0.20509321 

𝜷̂ 0.11810157 0.14262499 0.12741622 0.09697445 0.11607696 0.10411761 

Bias 
𝜹̂ 0.03457593 0.01256044 0.02142243 0.02064365 0.00229401 0.01051317 

𝜷̂ 0.01442918 0.00026422 0.00634303 0.00981479 0.00194441 0.00347861 

Est. 
Ess. 

Par. 

𝑁 = 400 𝑁 = 500 

MLE LSE WLSE MLE LSE WLSE 

Mean 
𝜹̂ 2.91271008 2.90335343 2.90882557 2.91030716 2.90097567 2.90550428 

𝜷̂ 2.10709747 2.10043281 2.10431284 2.10399345 2.09781537 2.10091278 

MSE 
𝜹̂ 0.02617099 0.03881298 0.03064868 0.02192086 0.03180792 0.02540277 

𝜷̂ 0.00676124 0.01017046 0.00807345 0.00548726 0.00808315 0.00645381 

RMSE 
𝜹̂ 0.16177451 0.19701011 0.17506766 0.14805696 0.17834775 0.15938248 

𝜷̂ 0.08222679 0.10084870 0.08985239 0.07407606 0.08990638 0.08033560 

Bias 
𝜹̂ 0.01271008 0.00335343 0.00882557 0.01030716 0.00097567 0.00550428 

𝜷̂ 0.00709747 0.00043281 0.00431284 0.00399345 0.00218462 0.00091278 
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Figure 4. Mean trends values for simulation 

 

 

 
Figure 5. MSE trends values for simulation 
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Figure 6. RMSE trends values for simulation 

 

 

 
Figure 7. Bias trends values for simulation 
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𝑁 = 20 

   
𝑁 = 40 

   
𝑁 = 100 

   
𝑁 = 150 
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 𝑁 = 200  

   
 𝑁 = 300  

   
 𝑁 = 400  

   
𝑁 = 500 

Figure 8. Comparison between pdfs for the true values and the estimated values in three methods 

for the sample sizes of the simulation table, case 1 

Analysis of the results reveals a more accurate performance picture. While the MLE outperforms in overall accuracy 

(low MSE), as shown in Table 3 and Figure 5, the LSE method emerges as the least biased estimator for most sample sizes, 
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particularly for the β parameter . 

Analyzing the results in Table 2 and the graphs in Figures 4 to 8 shows that all parameter estimators exhibited 

statistical consistency. This is evident in the mean values of the estimates (means) approaching the true values of the 

parameters (2.9 and 2.1, respectively) as the sample size increases, as shown in the trend curves in Figure 4 . 

In terms of accuracy, the MLE recorded the MSE and RMSE values across almost all sample sizes, as shown in Table 

3 and visually demonstrated by the steeper downward trend of its MSE and RMSE curves in Figures 5 and 6, respectively. 

This indicates that MLE is superior in terms of overall accuracy (which includes variance and bias) compared to the LSE and 

WLSE methods . 

Regarding bias, all methods showed a small and decreasing bias as the sample size increased (Figure 7). Although 

the LSE estimator sometimes showed less bias than the MLE in small samples (e.g., N=20), this slight improvement in 

impartiality comes at the cost of a significant variance inflation, as evidenced by the higher MSE values for LSE compared 

to MLE. Therefore, the MLE estimator remains superior according to the MSE criterion, which gives a balanced weight to 

bias and variance . 

Finally, Figure 8 confirms these results numerically by visually comparing the density function curve (pdf) using the 

true values with the density curves using the average estimates. The comparison shows a steady and rapid convergence of the 

MLE-estimated curves toward the true curve as the sample size increases, reinforcing the conclusion of its superiority. 

 

 

 

 

Figure 9. Mean trends values for simulation 
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Table 3: Monte Carlo simulation of MWArcan distribution where 𝛿 = 1.3, 𝛽 = 1.8 

Est. 
Ess. 

Par. 

𝑁 = 20 𝑁 = 40 

MLE LSE WLSE MLE LSE WLSE 

Mean 
𝜹̂ 1.38233301 1.33518308 1.33977184 1.33468719 1.309151514 1.31504322 

𝜷̂ 1.9350866 1.79781975 1.81366991 1.86829529 1.795568456 1.81208179 

MSE 
𝜹̂ 0.14146076 0.15753285 0.14466730 0.05243627 0.057483697 0.05333323 

𝜷̂ 0.1531613 0.18411428 0.16441807 0.06426680 0.080094730 0.06895977 

RMSE 
𝜹̂ 0.37611270 0.39690409 0.38035155 0.22898967 0.239757580 0.23093989 

𝜷̂ 0.3913583 0.42908540 0.40548499 0.25350898 0.283010124 0.26260193 

Bias 
𝜹̂ 0.08233301 0.03518308 0.03977184 0.03468719 0.009151514 0.01504322 

𝜷̂ 0.1350866 0.00218025 0.01366991 0.06829529 0.004431544 0.01208179 

Est. 
Ess. 

Par. 

𝑁 = 100 𝑁 = 150 

MLE LSE WLSE MLE LSE WLSE 

Mean 
𝜹̂ 1.31046198 1.302464246 1.30537397 1.30906731 1.303131594 1.305531224 

𝜷̂ 1.82632484 1.801585325 1.81061510 1.81547067 1.798882243 1.805527027 

MSE 
𝜹̂ 0.01872888 0.021312836 0.01957177 0.01164783 0.013635917 0.012377213 

𝜷̂ 0.02227586 0.031442057 0.02601032 0.01358102 0.019819880 0.016046892 

RMSE 
𝜹̂ 0.13685350 0.145989163 0.13989914 0.10792513 0.116772931 0.111252924 

𝜷̂ 0.14925099 0.177319082 0.16127716 0.11653764 0.140783096 0.126676327 

Bias 
𝜹̂ 0.01046198 0.002464246 0.00537397 0.00906731 0.003131594 0.005531224 

𝜷̂ 0.02632484 0.001585325 0.01061510 0.01547067 0.001117757 0.005527027 

Est. 
Ess. 

Par. 

𝑁 = 200 𝑁 = 300 

MLE LSE WLSE MLE LSE WLSE 

Mean 
𝜹̂ 1.305403316 1.301496393 1.303125938 1.302564100 1.2993968912 1.3008656257 

𝜷̂ 1.81491016 1.801869605 1.807437731 1.808008628 1.798628516 1.803200819 

MSE 
𝜹̂ 0.008699911 0.010006280 0.009145048 0.005713427 0.0065302520 0.0059663853 

𝜷̂ 0.01042213 0.015030290 0.012215428 0.006765853 0.009469924 0.007682857 

RMSE 
𝜹̂ 0.093273316 0.100031397 0.095629744 0.075587212 0.0808099748 0.0772423802 

𝜷̂ 0.10208886 0.122598083 0.110523428 0.082254804 0.097313536 0.087651908 

Bias 
𝜹̂ 0.005403316 0.001496393 0.003125938 0.002564100 0.0006031088 0.0008656257 

𝜷̂ 0.01491016 0.001869605 0.007437731 0.008008628 0.001371484 0.003200819 

Est. 
Ess. 

Par. 

𝑁 = 400 𝑁 = 500 

MLE LSE WLSE MLE LSE WLSE 

Mean 
𝜹̂ 1.301312865 1.298366795 1.2997568126 1.303682102 1.302248386 1.303140313 

𝜷̂ 1.803715570 1.795405618 1.7994320085 1.804672354 1.7990136468 1.802243022 

MSE 
𝜹̂ 0.004479881 0.005030953 0.0046406550 0.003487917 0.004078990 0.003674403 

𝜷̂ 0.004869298 0.007396843 0.0058732769 0.004129307 0.0059878580 0.004821756 

RMSE 
𝜹̂ 0.066931915 0.070929214 0.0681223532 0.059058590 0.063866971 0.060616850 

𝜷̂ 0.069780357 0.086004901 0.0766373078 0.064259686 0.0773812512 0.069438863 

Bias 
𝜹̂ 0.001312865 0.001633205 0.0002431874 0.003682102 0.002248386 0.003140313 

𝜷̂ 0.003715570 0.004594382 0.0005679915 0.004672354 0.0009863532 0.002243022 
 

 

 

 

 

 

 

 

 

 



128  
 

 

 

Modern Journal of Statistics                                                                                                       Volume 2, Issue 1, 112–137 
 

 

 

Figure 10. MSE trends values for simulation 
 

 

 

Figure 11. RMSE trends values for simulation 
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Figure 12. Bias trends values for simulation 
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Figure 13. Comparison between pdf's for the true values and the estimated values in three methods 

for the sample sizes of the simulation table, case 2 

To test the robustness and reliability of the results, the simulation was repeated with a different set of true parameter 

values. As shown in Table 3 and Figures 9–13, the performance patterns remained remarkably consistent. The results again 

confirmed the consistency of all estimators. The MLE estimator continued to outperform in terms of achieving the lowest 

MSE and RMSE values for most sample sizes, followed by the WLSE method and then the LSE method, consistent with the 

trends evident in Figures 10 and 11. The bias also remained low and decreasing for all methods Figure 12. The pdf 

comparisons in Figure 13 again demonstrate the superior performance of MLE in accurately reproducing the true shape of the 

distribution, especially as the sample size increases. 

6. Real Data Application 
The MWArctan model was applied and compared with six other competitive distributions (odd lomax Arctan 

(LoArctan), Kumaraswamy Arctan (KuArctan), Exponeted Generalized Arctan (EGArctan), log-gamma Arctan 

(LGamArctan), beta Arctan (BeArctan), and Arctan) on a real dataset representing the time-to-failure of 40 turbochargers in 

diesel engines are [36]: 1.6, 2.0, 2.6, 3.0, 3.5, 3.9, 4.5, 4.6, 4.8, 5.0, 5.1, 5.3, 5.4, 5.6, 5.8, 6.0, 6.0, 6.1, 6.3, 6.5, 6.5, 6.7, 7.0, 

7.1, 7.3, 7.3, 7.3, 7.7, 7.7, 7.8, 7.9, 8.0, 8.1, 8.3, 8.4, 8.4, 8.5, 8.7, 8.8, 9.0. 

 The comparison was made using four informative criteria (AIC, CAIC, BIC, HQIC) [37], [38], [39] and four Goodness-

of-fit (p-value [37], Anderson-Darling (A) [40], Cramér-von Mises (W)  [41], and Kolmogorov-Smirnov (KS) [42]). 

Table 4. Results of the criteria for the comparative distributions 

Dist. -L AIC CAIC BIC HQIC 

MWArctan 84.12042 172.2408 172.5652 175.6186 173.4621 

LoArctan 135.0518 274.1036 274.4279 277.4814 275.3249 

KuArctan 91.52178 187.0436 187.3679 190.4213 188.2648 

EGArctan 100.7537 205.5073 205.8317 208.8851 206.7286 

LGamArctan 94.32904 192.6581 192.9824 196.0358 193.8794 

BeArctan 95.92515 195.8503 196.1746 199.2281 197.0716 

Arctan 101.908 207.8458 208.1702 211.2236 209.0671 
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Table 4 recorded the lowest value for all information criteria (AIC = 172.24, CAIC = 172.57, BIC = 175.62, HQIC = 

173.46), as well as the highest value for the log-likelihood function (lowest value for -L = 84.12). This clear and tangible 

superiority strongly suggests that the MWArctan model is the best fit for the data among the models tested. 

 

 Table 5. Results of the criteria for the comparative distributions 

Dist. W A K-S p-value 

MWArctan 0.1198868 0.8503597 0.1196102 0.6162672 

LoArctan 0.4572922 2.726131 0.4231447 1.202664e-06 

KuArctan 0.3085412 1.939498 0.1556468 0.2871291 

EGArctan 0.5765897 3.329947 0.2382167 0.02135155 

LGamArctan 11.64284 76.82116 0.9997472 0 

BeArctan 0.4560018 2.719419 0.1784435 0.1565 

Arctan 0.5177987 3.034651 0.2635789 0.007713675 

From Table 5, the MWArctan distribution stands out once again for its performance. It recorded the lowest value for 

the K-S statistic (0.1196) and the highest associated p-value (0.6163), meaning that the null hypothesis that the data come 

from the MWArctan distribution cannot be rejected at a common significance level (such as 0.05). It also recorded the lowest 

values for the W and A statistic (0.1199 and 0.8504, respectively). This independently confirms the results of the information 

criteria that MWArctan is the best fit for the data. 

 

Table 6. Parameter estimation by MLE for comparative distributions 

Dist. 𝜹̂ 𝜷̂ 

MWArctan 0.002866605 2.689408451 

LoArctan 178.64359 90.02732 

KuArctan 26.15678 13.44256 

EGArctan 2.015609 57.009340 

LGamArctan 26.97153 12.07817 

BeArctan 36.117102 4.826003 

Arctan 1.76021 14.78509 

In Table 6, the parameters were estimated using the MLE. The estimated values for the MWArctan parameters are 

𝛿 ≈ 0.00287 and 𝛽 ≈ 2.68941. These values are unique to this distribution and this data and are not directly comparable to 

values for other distributions. 

 

 
MWArctan 
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Figure 14. Empirical CDF for data set 
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Figure 15. fitting densities for data set 

Figure 14 shows how the CDF curve for the MWArctan distribution (top left) almost perfectly matches the 

experimental data points (bar plot). Compared to the curves of other distributions, the MWArctan fit is visually the best. 

Figure 15 shows the estimated density curves for the distributions over the data histogram. It is clear that the density curve 

for MWArctan (top left) better captures the shape of the data histogram, especially in the tails and center of the distribution, 

compared to other distributions that either do not fit as well as LGamArctan or fit less accurately. 

7. Conclusion 
The study introduced a new distribution within the MWG family using the Arctan function as a basis. This distribution 

has proven its high flexibility through the formulas of its basic functions and its ability to represent heavy-tailed data or data 

with properties that cannot be accurately represented using classical distributions. Series expansions also demonstrated the 

possibility of simplifying calculations related to moments and statistical properties, enhancing its usability in theoretical 

analysis. Furthermore, the quantile function and its derived measures (skewness and flatness) highlighted the flexibility of the 

distribution in handling different data types in terms of shape and dispersion. Through Monte Carlo simulations, three 

parameter estimation methods were compared. The results showed that MLE was the most efficient and stable method, 

achieving the lowest values for MSE and RMSE measures as the sample size grew, while WLSE came in second. LSE had 

less bias in some small samples but was associated with high variance. Practical application confirmed the superiority of 

MWArctan over six competing distributions, as it achieved the lowest values for information criteria and the best results in 

the goodness of fit tests. The graphic curves showed that MWArctan provided the closest fit to the real data, whether in the 

CDF or the pdf, compared to the rest of the models. 
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